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Summary
This thesis concerns deformations of maps into submanifolds of projective spaces and in par-
ticular the deformable surfaces of Lie sphere geometry. Using a gauge theoretic approach we
study the transformations of Lie applicable surfaces and characterise certain classes of surfaces
in terms of polynomial conserved quantities. In particular we unify isothermic, Guichard and
L-isothermic surfaces as certain Lie applicable surfaces and show how their well known trans-
formations arise in this setting. Another class of surfaces that is highlighted in this thesis is
that of linear Weingarten surfaces in space forms and their transformations.
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A common theme in differential geometry is the study of classes of surfaces that admit trans-
formations that preserve their class. One of the first examples of this theme was the pseudo-
spherical surfaces that admit a Ba¨cklund transformation. In fact, as we shall see, many ex-
amples of this theme admit a Ba¨cklund-type transformation. Bianchi discovered a famous
permutability theorem for the Ba¨cklund transformation and it has been shown that analogous
permutability theorems hold for certain Ba¨cklund-type transformations.
The class of isothermic surfaces is another well known example of this theme. Classically
these were defined as the surfaces in Euclidean 3-space that, away from umbilic points, admit
conformal curvature line coordinates. In [26], Christoffel posed the problem of characterising
the pairs of surfaces in Euclidean 3-space that have parallel tangent planes and conformally
equivalent induced metrics. Isothermic surfaces appear as one class of surfaces that solve
this problem and this led to the discovery of the Christoffel transformation. Darboux [32]
discovered a transformation for isothermic surfaces analogous to the Ba¨cklund transformation
and Bianchi [2] showed that a permutability theorem holds for this transformation. Calapso [19]
and Bianchi [1] independently developed another transformation that arises from the fact that
isothermic surfaces are the deformable surfaces of conformal geometry.
Another classical example of this theme is that of Guichard surfaces [49]. These surfaces
were originally characterised in Euclidean 3-space by the existence of an associate surface. This
is a surface with the same spherical representation as the original surface such that a certain
relation is satisfied between the principal curvature radii of the two surfaces. This yields
an analogous transformation to that of the Christoffel transformation for isothermic surfaces.
Calapso [20] later characterised these surfaces via the equation
EG(κ1 − κ2)2 = E − 2G.
Eisenhart [37] developed a Ba¨cklund-type transformation for these surfaces and showed that a
Bianchi-type permutability theorem holds for this transformation.
A lesser known example of this theme is that of L-isothermic surfaces. Blaschke [3] defined
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these as the surfaces in Euclidean 3-space that admit, away from umbilic points, curvature line
coordinates that are conformal with respect to the third fundamental form. In recent times
it has been shown that a Ba¨cklund-type transformation exists for these surfaces called the
Bianchi-Darboux transformation [55]. Furthermore, it was shown in [57] that a transformation
analogous to that discovered by Bianchi and Calapso for isothermic surfaces exists for theses
surfaces. This transformation arises form the fact that L-isothermic surfaces are the deformable
surfaces of Laguerre geometry [53].
Ω-surfaces are no exception to this theme. Originally discovered by Demoulin [34, 35, 36],






















given in terms of curvature line coordinates (u, v), where  ∈ {1, i}, U is a function of u
and V is a function of v. Demoulin showed that these surfaces are the envelopes of a pair of
isothermic sphere congruences and gave an alternative characterisation in terms of the existence
of an associate Ω-surface, analogous to the Christoffel transformation. Eisenhart [38, 39] later
developed a Ba¨cklund-type transformation for these surfaces. Ω0-surfaces, the Lie geometric
analogue of R0-surfaces, are the surfaces satisfying (1.1) with  = 0 and are envelopes of a
curvature sphere congruence that is isothermic. Together, Ω- and Ω0-surfaces constitute the
applicable surfaces of Lie sphere geometry [56]. Demoulin showed that isothermic, Guichard
and L-isothermic surfaces are examples of Ω-surfaces.
In [3, Section 85], Blaschke studies surfaces in Lie sphere geometry using the hexaspherical
coordinate model introduced by Lie [52]. By using an adapted frame, Blaschke studies the
compatibility conditions of such surfaces and in so doing finds that there are two one-forms
ω1 and ω2 that generically determine a surface up to Lie sphere transformation. One can
alternatively use the quadratic form ω1ω2 and the conformal class of the cubic form ω
3
1 − ω32 .
The only surfaces that are not determined by these invariants are Ω- and Ω0-surfaces. A modern
account of this is given in [42, 56].
Recent interest in integrable systems has sparked a renewed interest in Ω- and Ω0-surfaces [42,
43, 28, 56, 14, 15, 60, 61]. In [28, Chapter 4], Clarke develops a gauge-theoretic approach for
Lie applicable surfaces (and, more generally, l-applicable maps) analogous to the approach used
for isothermic surfaces [18, 7, 8, 64, 11, 50], that is, they are characterised by the existence of
a certain one-parameter family of flat connections. This approach lends itself well to the study
of transformations of these surfaces:
• local trivialising gauge transformations of these connections give rise to a spectral defor-
mation,
• parallel sections give rise to Ba¨cklund-type transformations, and
• analogues of the well known permutability theorems for transformations of isothermic
surfaces [11, 50] hold for these transformations.
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Furthermore, certain well known examples of Lie applicable surfaces (e.g. isothermic surfaces
and Guichard surfaces) can be characterised in terms of polynomial conserved quantities of this
family of flat connections.
The main focus of this thesis is the study of Ω- and Ω0-surfaces using the approach developed
in [28]. In particular, we study certain subclasses of these surfaces using polynomial conserved
quantities and the resulting transformations for these subclasses. We shall see that isothermic,
Guichard and L-isothermic surfaces arise from the study of linear conserved quantities, allowing
us to treat these surfaces and their transformations in a unified manner. Another subclass that is
given significant attention is the class of linear Weingarten surfaces, which has already received
a Lie geometric treatment in [15].
In chapter 2 we review the model for Lie sphere geometry [52, 3, 25], which we will exploit
throughout this thesis. In this setup one studies hypersurfaces by considering their induced
Legendre maps. We shall extend the definition of Legendre map to include lines in general
quadrics. We recover the two Lie geometric invariants of [3, 42]. We describe how one breaks
symmetry to conformal, Laguerre and space form geometry. Furthermore, we recall the contact
lift of surfaces in projective 3-space. For later use we conclude this chapter by recalling the
definition of Ribaucour transformations given in [13].
In chapter 3 we study deformations of maps into projective spaces equipped with a trans-
formation group G - a Lie group with Lie algebra g. We present a result that characterises
G-deformable maps by the existence of a certain g valued one-form. We then study the unique-
ness of this one-form and characterise trivial deformations (deformations that are G-congruent
to the original map). This result is then extended to G-invariant submanifolds of projective
spaces. We then use these results to obtain quick proofs of known results regarding applicabil-
ity and rigidity of surfaces in projective, conformal and Lie sphere geometry. In particular, we
quickly recover the result of Fubini [44] that the applicability of a surface in projective 3-space
is equivalent to the applicability of its contact lift. Whilst studying deformations of Legendre
maps we see that there is an equivalence class of one-forms associated to each deformation.
We associate a quadratic differential to this equivalence class whose vanishing determines the
triviality of the deformation in question.
In chapter 4 we use the results of chapter 3 to analyse the deformable surfaces of Lie sphere
geometry. The gauge theoretic approach is less straight forward than for isothermic surfaces
as deforming transformations between two deformations are not unique and we have a non-
trivial gauge orbit of connections to consider. This problem is solved by the introduction of
the middle connection. This is a unique gauge potential in the gauge orbit that satisfies a
certain property. A quadratic differential (i.e., a symmetric, traceless two-tensor with respect
to a certain conformal structure) naturally arises from this setup and allows us to split the
class of Lie applicable surfaces into two classes, Ω- and Ω0-surfaces. In fact, we can give an
invariant characterisation of Lie applicable surfaces in terms of this quadratic differential and
the conformal class of the cubic form of [3, 42]. We show that these characterisations coincide
with the classical notions of Demoulin [34, 35, 36] and recover the isothermic sphere congruences
in the realm of Lie sphere geometry.
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In chapter 5 we review the transformation theory of Lie applicable surfaces presented by
Clarke [28] and derive these results in terms of the middle connection. This makes things clearer
for subsequent chapters as we can disregard the effects of gauge transformations. In contrast
to [28] we give some consideration to umbilics. For example, we see that the appearance of
umbilics on Darboux transformations is attributed to the enveloping sphere congruence between
the two surfaces coinciding with one of the isothermic sphere congruences.
In chapter 6 we study polynomial conserved quantities of the middle connection and in
an analogous way to [18, 64] we define special Ω-surfaces of type d to be those Ω-surfaces
whose middle connection admits a polynomial conserved quantity of degree d. We show that
Ω-surfaces of type one project to well known surfaces in certain subgeometries of Lie sphere
geometry: isothermic surfaces and Guichard surfaces in conformal geometry and L-isothermic
surfaces in Laguerre geometry. The transformations of chapter 5 are shown to include the
familiar transformations of these surfaces. Special Ω-surfaces of type two are then considered
and are shown to project to the special Ω-surfaces of Eisenhart [39].
In chapter 7 we consider those Ω-surfaces whose middle connection admits two linear con-
served quantities. These are shown to project to parallel families of non-tubular linear Wein-
garten surfaces in certain space forms. Furthermore tubular linear Weingarten surfaces in
certain space forms are show to coincide with those Ω0-surfaces whose middle connection ad-
mits a constant conserved quantity. The Calapso transformation of chapter 5 is shown to give a
Lawson correspondence for linear Weingarten surfaces and the Darboux transformation yields
a three parameter family of linear Weingarten surfaces satisfying the same linear Weingarten
condition.
Chapter 8 is taken from a paper [46] written in collaboration with S. Fujimori and S. Gaber.
Utilising their respective Weierstrass representations we describe a method for deforming max-
imal surfaces (surfaces with vanishing mean curvature) in Minkowski 3-space into their cousin
constant mean curvature (CMC) 1 surfaces in de Sitter 3-space, analogous to the method of [62].
We then give new examples of genus 1 maxfaces (maximal surfaces with certain admissible sin-
gularities) in Minkowski 3-space with two or three ends to which we can apply our method to
obtain their cousin genus 1 CMC 1 faces (CMC 1 surfaces with certain admissible singularities)




In [52], Lie introduced a model for the geometry of oriented spheres in Rn ∪ {∞}, i.e., Lie
sphere geometry. In this setting oriented spheres are represented by points in the projective
lightcone P(L) of Rn+1,2 and oriented contact between two oriented spheres corresponds to the
two representative points lying on a line in P(L). The transformations of this geometry are
those that preserve the oriented contact of spheres and in this model the group of orthogonal
transformations O(n + 1, 2) is a double cover for the group of Lie sphere transformations.
Blaschke [3] developed this model further and a modern account can be found in [25].
Hypersurfaces are studied in this geometry by considering their contact lift. In the Lie
sphere model this amounts to a congruence of lines in P(L). In this chapter we extend this
definition to consider congruences of lines in general quadrics.
Turning to R4,2, we recall the Lie cyclide splitting used in [3] and recover the two Lie
geometric invariants used in [3, 42], which we shall refer to as the Lie-invariant metric and the
conformal class of the Darboux cubic form. We also show how one breaks symmetry to obtain
conformal, Laguerre and space form subgeometries.
Finally, we recall the definition of Ribaucour transformations between two Legendre maps
given in [13]. In Chapter 5 we shall see that the Darboux transformations of Lie applicable
surfaces are of this form.
2.1 Notation
Given a vector space V and a manifold Σ, we shall denote by V the trivial bundle Σ × V . If
W is a vector subbundle of V , we denote by W (1) the subset of V consisting of the images of
sections of W and derivatives of sections of W with respect to the trivial connection on V and
call W (1) the derived bundle of W .
Remark 2.1. In general W (1) will not be a subbundle of V , however, in many instances, we
may assume that it is.
Throughout this thesis we shall be considering pseudo-Euclidean spaces Rs,t where s, t ∈
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N ∪ {0}. These are the vector spaces Rs+t equipped with a non-degenerate symmetric bilinear
form ( , ) of signature (s, t) (see for example [58]). In the case that s, t ≥ 1 we have that
Rs,t contains lightlike vectors and we shall let L denote the lightcone of Rs,t. The orthogonal
group O(s, t) acts transitively on L. We will make use of the symmetric product on Rs,t: for
a, b, c ∈ Rs,t,
(a b)c = 1
2
((a, c)b+ (b, c)a).
Remark 2.2. It is well known that the exterior algebra ∧2Rs,t is isomorphic to the Lie algebra
o(s, t) of O(s, t), i.e., the space of skew-symmetric endomorphisms of Rs,t, via the isomorphism
a ∧ b 7→ (a ∧ b)
where for any c ∈ Rs,t,
(a ∧ b)c = (a, c)b− (b, c)a.
We shall make use of this identification (without warning) throughout this thesis.
Given a manifold Σ, if ω1, ω2 ∈ Ω1(Rs,t), that is ω1 and ω2 are one-forms on Σ with values
in Rs,t, then we define ω1 uprise ω2 to be the 2-form with values in ∧2Rs,t defined by
ω1 uprise ω2(X,Y ) := ω1(X) ∧ ω2(Y )− ω1(Y ) ∧ ω2(X),
for X,Y ∈ ΓTΣ. Notice that ω1 uprise ω2 = ω2 uprise ω1.
2.2 Legendre maps
Suppose that s, t ∈ N such that s, t ≥ 2. Then Rs,t contains isotropic two dimensional subspaces
and we shall let Z denote the Grassmannian of isotropic two dimensional subspaces of Rs,t.
Remark 2.3. Throughout this thesis we will make use of the identification of Z with the space
of lines in P(L).
Let n := s + t − 4 and suppose that Σ is an n-dimensional manifold. Let f : Σ → Z be a
smooth map. Then we may define a tensor, analogous to the solder form defined in [7, 10, 17],
β : TΣ→ Hom(f, f (1)/f), X 7→ (σ 7→ dXσmod f),
where here we are viewing f as a rank two subbundle of the trivial bundle over Σ,
Rs,t := Σ× Rs,t.
The following definition generalises Pinkall’s notion of Lie geometric hypersurfaces given in [59],
which Cecil [25] referred to as Legendre submanifolds, where it was assumed that t = 2:
Definition 2.4. We say that f is a Legendre map if the contact condition f (1) = f⊥ is satisfied
and the immersion condition kerβ = {0} holds.
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Remark 2.5. f⊥/f is a rank n subbundle of Rs,t/f whose induced metric is non-degenerate
with signature (s− 2, t− 2).
2.2.1 Curvature spheres
Suppose that f : Σ→ Z is a Legendre map and let fC := f ⊗ C.
Definition 2.6. Let p ∈ Σ. Then a one dimensional subspace s(p) ≤ fC(p) is a curvature
sphere of f at p if there exists a non-zero subspace T s(p) ≤ TpΣ⊗C such that β(T s(p))s(p) = 0.
We call the maximal such T s(p) the curvature space of s(p).
A rank one s ≤ fC is called a curvature sphere congruence of f if at each point p ∈ Σ, s(p)
is a curvature sphere of f at p. We denote by T s the subset of TΣ⊗C formed by the congruence
over Σ of curvature spaces T s(p).
Remark 2.7. In general T s will not be a subbundle of TΣ⊗C as the dimension of T s(p) may
not be constant over Σ.
Remark 2.8. Definition 2.6 coincides with the definition given in [25, Section 4.4] since
β(T s(p))s(p) = 0 is equivalent to
dXσ ∈ fC(p),
for all σ ∈ Γs and X ∈ T s(p).
Let s ≤ f be a rank one subbundle of f such that kerβps = {0} for all p ∈ Σ. Let σ ∈ Γs be
a lift of s and let σ˜ ∈ Γf be linearly independent everywhere to σ. Then βσ is an isomorphism
from TΣ to f⊥/f and there exists A ∈ ΓEnd(TΣ) such that
βσ˜ = (β ◦A)σ.
Therefore,
dσ˜ = dσ ◦Amod f
and the closure of dσ˜ implies that A is symmetric with respect to the non-degenerate metric
(dσ, dσ). Let λ1,p, ..., λr,p ∈ C be the distinct eigenvalues of Ap and let T1,p, ..., Tr,p ≤ TpΣ⊗C
be the corresponding eigenspaces of TpΣ⊗ C. Then
β(Ti,p)(σ˜ − λi,pσ) = 0.
Hence, si(p) := 〈σ˜(p)− λi,pσ(p)〉 ≤ fC(p) is a curvature sphere of f at p with curvature space
Ti,p.
Proposition 2.9. Suppose that t = 2. Then the curvature spheres s1(p), ..., sr(p) of f are real
and
TpΣ = T1,p ⊕ ...⊕ Tr,p.
Proof. By Remark 2.5, the induced metric on f⊥/f is positive definite. Hence, (dσ, dσ) is
a positive definite metric. Since A is symmetric with respect to (dσ, dσ) we have that Ap
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is diagonalisable over R. Therefore all the eigenvalues λ1,p, ..., λr,p of Ap are real and thus
s1,p, ..., sr,p are real and the curvature spaces span TpΣ.
Remark 2.10. From now on we shall assume that, for all p ∈ Σ, Ap is diagonalisable over C
and thus
TpΣ⊗ C = (T1,p ⊕ ...⊕ Tr,p)⊗ C.
Definition 2.11. We say that f is umbilic at a point p ∈ Σ if f has exactly one curvature
sphere at p. Moreover, if f has only one curvature sphere congruence then we say that f is
totally umbilic.
Remark 2.12. If f is umbilic at a point p, then the corresponding curvature sphere s(p) has
to be real.
Lemma 2.13. Suppose that Σ is simply connected. Then f is totally umbilic if and only if
there exists a non-zero q ∈ Rs,t such that q ∈ Γf .
Proof. If q ∈ Rs,t then dq = 0 and therefore q ∈ Γf implies that s := 〈q〉 is a curvature sphere
congruence of f with curvature subbundle T s = TΣ. By the immersion condition of f this is
the only curvature sphere congruence of f and thus f is totally umbilic.
Conversely, suppose that s is the only curvature sphere congruence of f . Then for any lift
σ ∈ Γs and linearly independent σ˜ ∈ Γf we have that
dσ = ω σ + ω˜ σ˜.
The closure of dσ implies that
0 = dω σ − ω ∧ ω˜ σ˜ + dω˜ σ˜ − ω˜ ∧ dσ˜.
Now since s is the only curvature sphere congruence of f , we must have that dσ˜ never belongs
to Ω1(f). Hence, ω˜ = 0 and dω = 0. Since Σ is simply connected we may choose a non-zero
function µ such that dµ = −µω and then
d(µσ) = dµσ + µω σ = 0.
Hence, µσ ∈ Γf is constant.
Suppose that f has r ≤ n distinct curvature sphere congruences s1, ..., sr ≤ fC and corre-
sponding curvature subbundles1 T1, ..., Tr ≤ TΣ⊗ C. Then for each i ∈ {1, ..., r} let fi be the
subbundle of (fC)⊥ of sections of fC and derivatives of sections of fC along Ti. We shall call
fi the derived bundle of f along Ti.
1Notice that here we are assuming that the dimension of the curvature space of each curvature sphere is
constant over Σ.
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Lemma 2.14. For any σ ∈ ΓfC such that σ never belongs to si, we have that
fi = f
C ⊕ dσ(Ti).
Furthermore, fi ⊥ fj for i 6= j and
(fC)⊥/fC = f1/fC ⊕ ...⊕ fr/fC
with the induced metric on each fi/f
C being non-degenerate.
Proof. Firstly, if σ ∈ ΓfC never belongs to si, then for all X ∈ ΓTi, dXσ never belongs to fC
by the immersion condition of f . Therefore, it makes sense to write
fC ⊕ dσ(Ti).
For any other section ν ∈ ΓfC, we may write
ν = λσ + σi,
for some smooth function λ and σi ∈ Γsi. Therefore,
dXν = λdXσmod f
C,
for any X ∈ ΓTi. Hence,
fi = f
C ⊕ dσ(Ti).
Now suppose that i, j ∈ {1, ..., r} such that i 6= j and let v ∈ Γfi and w ∈ Γfj . Then there
exist lifts σi ∈ Γsi and σj ∈ Γsj such that
v = dXσj + ξ1 and w = dY σi + ξ2,
for some X ∈ ΓTi, Y ∈ ΓTj and ξ1, ξ2 ∈ ΓfC. Thus,
(v, w) = (dXσj , dY σi) = dX(σj , dY σi)− (σj , dXdY σi) = −(σj , dXdY σi),
since f ≤ f⊥. Now, using that d is flat we have that
(v, w) = −(σj , dY dXσi)− (σj , d[X,Y ]σi).
It then follows from the fact that dXσi ∈ ΓfC that dY dXσi ∈ Γ(f (1) ⊗ C). By the contact
condition f (1) = f⊥, we then have that (v, w) = 0. Since v ∈ Γfi and w ∈ Γfj were arbitrary,
we have that fi ⊥ fj .
Using the contact condition f (1) = f⊥ we have that f⊥/f = f (1)/f and thus
(fC)⊥/fC = f1/fC + ...+ fr/fC.
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Now if for some i ∈ {1, ..., r} the induced metric on fi/fC were degenerate then, since fi ⊥ fj
for all j 6= i, so would the induced metric on (fC)⊥/fC. This would then contradict Remark 2.5.
Hence, the induced metric on fi/f is non-degenerate and
(fC)⊥/fC = f1/fC ⊕ ...⊕ fr/fC.
Remark 2.15. In the case that all the curvature sphere congruences are real, we may (and
will) drop the “C” from Lemma 2.14.
The following lemma is a generalisation of a result of U. Pinkall [59, Proposition 2] (see
also [25, 63]):
Lemma 2.16. Each Ti is integrable. Furthermore, if for some i ∈ {1, ..., r}, rankTi > 1, then
si is constant along the leaves of Ti.
Proof. Let X,Y ∈ ΓTi and σi ∈ Γsi. Then, since d is flat, we have that
d[X,Y ]σi = dXdY σi − dY dXσi. (2.1)
Now, since dXσi, dY σi ∈ ΓfC, we have that the right hand side of (2.1) takes values in fi.
Therefore, d[X,Y ]σi ∈ Γfi and by Lemma 2.14, [X,Y ] ∈ ΓTi. Hence, Ti is integrable.
Suppose that rankTi > 1 and let X,Y ∈ ΓTi be linearly independent. Let σi be a lift of si
and let σ˜ ∈ ΓfC such that σ˜ never belongs to si. Then
dXσi = ασi + βσ˜ and dY σi = γσi + δσ˜,
for some smooth functions α, β, γ and δ. Since d is flat and Ti is integrable, we have that
0 = (dXdY σi − dY dXσi − d[X,Y ]σi)mod f = dδX−βY σ˜ mod f.
Now, since σ˜ never belongs to si, the immersion condition of f implies that δX −βY = 0. The
linear independence of X and Y then implies that β and δ vanish. Thus,
d|Tiσi ∈ Γ(T ∗i ⊗ si).
Therefore, si is constant along the leaves of Ti.
2.3 Dupin cyclides
Let f : Σ → Z be a Legendre map with curvature spheres s1, ..., sr ≤ fC, with corresponding
curvature subbundles T1, ..., Tr ≤ TΣ⊗ C. For i ∈ {1, ..., r} we define maps
βi : Ti → Hom(si, fC/si), X 7→ (σi 7→ dXσimod si).
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Analogously to [59], we make the following definition:
Definition 2.17. f is a Dupin cyclide if f has exactly two curvature spheres s1, s2 everywhere
and si is constant along the leaves of Ti for each i ∈ {1, 2}, i.e.,
β1 = β2 = 0.
Remark 2.18. By Lemma 2.16, if f has exactly two curvature spheres everywhere and their
curvature subbundles both have rank greater than one, then f is a Dupin cyclide.
2.3.1 Lie cyclides
Now suppose that (s, t) = (4, 2) and suppose that f : Σ→ Z is an umbilic-free Legendre map.
In [3], Blaschke defined the Lie cyclides of a Legendre map. These are the congruence of Dupin
cyclides that make most contact with the Legendre map at each point. This notion yields a
useful splitting of the trivial bundle R4,2, which we shall use in Chapter 4.
Let σ1 ∈ Γs1 and σ2 ∈ Γs2 be lifts of the curvature sphere congruences and let X be a lift
of T1 and Y be a lift of T2. Then
dXσ1, dY σ2 ∈ Γf.
Let
S1 := 〈σ1, dY σ1, dY dY σ1〉 and S2 := 〈σ2, dXσ2, dXdXσ2〉 .
Proposition 2.19 ([3]). S1 and S2 are orthogonal rank 3 subbundles of R4,2 and the induced
metric on each Si has signature (2, 1). We then have the orthogonal splitting
R4,2 = S1 ⊕⊥ S2.
Furthermore, S1 and S2 do not depend on choices.
This splitting now yields a splitting of the trivial connection d on R4,2:
d = D +N ,
where D is the direct sum of the induced connections on S1 and S2 and
N = d−D ∈ Ω1((Hom(S1, S2)⊕Hom(S2, S1)) ∩ o(4, 2)).
Since S1 and S2 are orthogonal, we have that D is a metric connection on R4,2 and N is a
skew-symmetric endomorphism. Hence, N ∈ Ω1(S1 ∧ S2).
Lemma 2.20. N f ≤ Ω1(f) and
N (T2)s1 = 0 = N (T1)s2.
Furthermore, βi = N|si mod si.
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Proof. Suppose that σ1 ∈ Γs1. Then for any Y ∈ ΓT2, dY σ1 ∈ ΓS1 and thus NY σ1 = 0.
Furthermore, since s1 is a curvature sphere, dXσ1 ∈ Γf . Hence, N s1 ≤ Ω(f). Moreover,
NXσ1mod s1 = (dXσ1 −DXσ1)mod s1 = dXσ1mod s1 = β1(X)σ1.
Hence, β1 = N|s1 mod s1. An analogous argument can be used for i = 2.
We immediately obtain the following corollaries:
Corollary 2.21. si is constant along the leaves of Ti for some i ∈ {1, 2} if and only if N|si = 0.
Corollary 2.22. f is a Dupin cyclide if and only if N|f ≡ 0.
2.4 Symmetry breaking
Assume that (s, t) = (4, 2). In [25] a modern account is given of how one breaks symmetry from
Lie geometry to space-form geometry and how O(4, 2) is a double cover for the group of Lie
sphere transformations. These are the transformations that map oriented spheres to oriented
spheres and preserve the oriented contact of spheres. In this section we shall recall the process
of symmetry breaking.
Lemma 2.23. Suppose that f : Σ→ Z is a Legendre map and q ∈ R4,2\{0}. Then
1. if q is timelike then f never belongs to 〈q〉⊥,
2. if q is spacelike then the set of points p ∈ Σ where f(p) ≤ 〈q〉⊥ is a closed set with empty
interior,
3. f ≤ 〈q〉⊥ if and only if q ∈ Γf , in which case f is totally umbilic.
Proof. If q is timelike then 〈q〉⊥ has signature (4, 1) and the maximal lightlike subspaces of
〈q〉⊥ are one-dimensional. Therefore since f(p) is a two dimensional lightlike subspace for each
p ∈ Σ, f(p) 6≤ 〈q〉⊥.
Suppose that q is spacelike and that on some open subset U ⊂ Σ, f ≤ 〈q〉⊥. Without loss
of generality, assume that U = Σ. Then this implies that f (1) ≤ 〈q〉⊥ and q ∈ Γf⊥. Hence,
f (1) 6= f⊥, contradicting the contact condition of f .
Therefore, if f ≤ 〈q〉⊥ then the only possibility left to consider is that q is lightlike. Then
since the maximal lightlike subspaces of R4,2 are two dimensional, q ∈ Γf⊥ if and only if q ∈ Γf .
By Lemma 2.13 this is the case only if f is totally umbilic.
We shall often refer to a non-zero vector q ∈ R4,2 as a sphere complex. As Lemma 2.23
shows, for a Legendre map f : Σ→ Z, generically f ∩ 〈q〉⊥ defines a rank one subbundle of f .
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2.4.1 Conformal geometry
Let p ∈ R4,2 such that p is not lightlike. If p is timelike then 〈p〉⊥ ∼= R4,1 and defines a
Riemannian conformal geometry. If p is spacelike then 〈p〉⊥ ∼= R3,2 and defines a Lorentzian
conformal geometry. We consider elements of
P(L ∩ 〈p〉⊥)
to be points and refer to p as a point sphere complex.
Remark 2.24. In the case that p is timelike, we have that P(L∩〈p〉⊥) is the conformal 3-sphere
(see [50]).
The elements of P(L\〈p〉⊥) give rise to spheres in the following way: suppose that s ∈
P(L\〈p〉⊥). Now s⊕ 〈p〉 is a (1, 1)-plane and thus
V := (s⊕ 〈p〉)⊥
is a (3, 1)-plane. The projective lightcone of V is then diffeomorphic to S2 and we thus identify
V with a sphere in P(L ∩ 〈p〉⊥).
Conversely, suppose that V ≤ 〈p〉⊥ is a (3, 1)-plane. Then V ⊥ is a (1, 1)-plane in R4,2
containing p and we identify the two null lines of V ⊥ with the sphere defined by V with
opposite orientations.
Remark 2.25. Those Lie sphere transformations that fix the point sphere complex are the
conformal transformations of 〈p〉⊥.
Space form geometry
As is standard in conformal geometry (see, for example, [50]), we may break symmetry further
by choosing a vector q ∈ 〈p〉⊥. Then
Q3 := {y ∈ L : (y, q) = −1, (y, p) = 0}
is isometric to a space form with sectional curvature κ = −|q|2. If we assume that |p|2 = ±1,
then
P3 := {y ∈ L : (y, q) = 0, (y, p) = −1}
can be identified (see [50]) with the space of hyperplanes (complete, totally geodesic hypersur-
faces) in this space form.
Suppose that f : Σ→ Z is a Legendre map. Then, by Lemma 2.23, on a dense open subset
of Σ, Λ := f ∩ 〈p〉⊥ is rank one subbundle of f . Using the identification of ∧2R4,2 with the
skew-symmetric endomorphisms on R4,2, we have for any τ ∈ Γ∧2 f that τp ∈ Γf and, since τ
is skew-symmetric, τp ⊥ p. Hence,
Λ = (∧2f)p.
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Away from points where Λ ⊥ q, we have that for any τ ∈ Γ(∧2f)
f := − τp
(τp, q)
and t := − τq
(τq, p)
are the projections of f into Q3 and P3, respectively. We can then write f = 〈f, t〉.
Definition 2.26. We call f the space form projection of f and t the tangent plane2 congruence
of f .
One can easily see that:
Lemma 2.27. The space form projection of f into Q3 exists at p ∈ Σ if and only if the kernel
of the linear map
∧2f → R, τ 7→ (τp, q)
is trivial at p.
Away from umbilic points, suppose that (u, v) are curvature line coordinates for f. Then by
Rodrigues’ equations we have that
tu + κ1fu = 0 = tv + κ1fv,
where κ1 and κ2 are the principal curvatures of f. Therefore,
s1 := 〈t + κ1f〉 and s2 := 〈t + κ2f〉












In this subsection we shall recall the correspondence given in [25] between Lie sphere geometry
and Laguerre geometry. Let q∞ ∈ L and define U := P(L)\〈q∞〉⊥. Then (E,ψ) with
E := {y ∈ L : (y, q∞) = −1} and ψ : E → U, y 7→ [y]
defines an affine chart for U . Choosing q0 ∈ L such that (q0, q∞) = −1, we have that
〈q0, q∞〉⊥ ∼= R3,1. We may then define the orthogonal projection
pi : R4,2 → 〈q0, q∞〉⊥, y 7→ y + (y, q∞)q0 + (y, q0)q∞.
Then pi ◦ ψ−1 defines an isomorphism between U and 〈q0, q∞〉⊥. We thus identify points in U
as points in R3,1. Now let W := P(L ∩ 〈q∞〉⊥)\〈q∞〉. Then pi identifies W with the projective
lightcone of 〈q0, q∞〉⊥ and thus P(L3), where L3 is the lightcone of R3,1. Therefore, we identify
W with null directions in R3,1. We define 〈q∞〉 to be the improper point of Laguerre geometry.
2Note that “plane” here means totally geodesic hypersurface in the space form Q3.
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Under this correspondence, contact elements in R4,2 are then identified with affine null lines
in R3,1, i.e., for z ∈ R3,1 and l ∈ P(L3)
L = [z, l] := {z + v : v ∈ l}.
Euclidean projection
By choosing a point sphere complex p ∈ 〈q0, q∞〉⊥ with |p|2 = −1, we have that
〈q0, q∞, p〉⊥ ∼= R3.
Using isotropy projection [3, 25], one identifies points in R3,1 with oriented spheres (including
point spheres, but not oriented planes) in R3: a sphere centred at c ∈ R3 with signed radius
r ∈ R is identified with the point
c+ rp ∈ R3,1.
We then have that null lines in R3,1 correspond to pencils of spheres in R3 in oriented contact
with each other and isotropic planes in R3,1 are identified with oriented planes in R3.
It was shown in [25] that the Lie sphere transformations A ∈ O(4, 2) that preserve the
improper point 〈q∞〉 are identified under this correspondence with the affine Laguerre trans-
formations of R3,1, that is, the identity component of the group R4 o O(3, 1). In terms of
transformations of R3, this group consists of the Lie sphere transformations that map oriented
planes to oriented planes.
Defining
Q3 := {y ∈ L : (y, q∞) = −1, (y, p) = 0},
we have that pi|Q3 is an isometry between Q3 and 〈q0, q∞, p〉⊥ and this restricts to the usual
Euclidean projection in the conformal geometry defined by 〈p〉⊥, see [18, 64, 50].
2.5 Invariants of Lie sphere geometry
Suppose that (s, t) = (4, 2). Let f : Σ → Z be a Legendre map. We will now recover the
Lie-invariant metric and conformal class of the cubic form used in [3, 42]. These invariants
generically3 determine a surface up to Lie sphere transformation. Let f : Σ→ Z be a Legendre
map.
2.5.1 Conformal structure
Define a tensor c ∈ Γ(S2T ∗Σ⊗ (∧2f)∗ ⊗ ∧2(f⊥/f)) by
c(X,Y )ξ1 ∧ ξ2 = 1
2
(β(X)ξ1 ∧ β(Y )ξ2 + β(Y )ξ1 ∧ β(X)ξ2),
3Blaschke [3] showed that those surfaces that aren’t determined are the Lie applicable surfaces. We shall
explore this further in Section 5.1.
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for any X,Y ∈ ΓTΣ and ξ1, ξ2 ∈ Γf . By Remark 2.5, the induced metric on the rank 2 bundle
f⊥/f is non-degenerate. Therefore, the induced metric on the rank one bundle ∧2(f⊥/f) is
definite and thus ∧2(f⊥/f) is a trivial bundle and we can identify c as a tensor in S2T ∗Σ ⊗
(∧2f)∗. Now suppose that s is a curvature sphere of f with curvature subbundle T s. Then
β(T s)s = 0 and since we may write any τ ∈ Γ(∧2f) as τ = σ ∧ σ˜, for some σ ∈ Γs and σ˜ ∈ Γf ,
we have that
c(T s, T s)τ = 0.
Hence, c(T s, T s) = 0. Therefore, at umbilic points p ∈ Σ of f , cp = 0 and away from umbilic
points, for any τ ∈ Γ(∧2f)×, g := c τ defines an indefinite metric on Σ whose null lines are the
curvature subbundles T1 and T2. We shall refer to g as a representative metric of c and, since c
is tensorial in ∧2f , we have that any other representative metric of c is conformally equivalent
to g. We shall thus refer to c as the conformal structure of f .
The product structure J induced by c acts as the id on T1 and −id on T2, whereas the
Hodge star operator ? induced by c on T ∗Σ acts as the id on T ∗1 and −id on T ∗2 . One can then
deduce the following lemma:
Lemma 2.28. Q ∈ ΓEnd(TΣ) is trace-free and symmetric with respect to c if and only if
?Q = −J ◦Q.
Corollary 2.29. Suppose that Q ∈ ΓEnd(TΣ) is trace-free and symmetric with respect to c.
Let g be a representative metric for c with induced Levi-Civita connection ∇. Then d∇?Q = 0,
i.e., Q is divergence free, if and only if d∇Q = 0.
Proof. Since ∇ is the Levi-Civita connection for g, we have that d∇J = 0. Then, using
Lemma 2.28 and the Leibniz rule,
d∇ ? Q = −(d∇J) ◦Q− J ◦ d∇Q = −J ◦ d∇Q,
and the result follows.
Lie-invariant metric
Now suppose that f is an umbilic-free Legendre map. Recall from Subsection 2.3.1 that the Lie
cyclide splitting induces a skew-symmetric endomorphism N ∈ Ω1(S1 ∧ S2). By Lemma 2.20,
N f ≤ Ω1(f). Therefore, we may define a tensor gL ∈ Γ(S2T ∗Σ⊗ End(∧2f)) by
gL(X,Y )ξ1 ∧ ξ2 = 1
2
(N (X)ξ1 ∧N (Y )ξ2 +N (Y )ξ1 ∧N (X)ξ2), (2.2)
for any X,Y ∈ ΓTΣ and ξ1, ξ2 ∈ Γf . Since ∧2f has rank one, we identify gL with a quadratic
form. By Lemma 2.20, the curvature subbundles T1 and T2 are isotropic with respect to g
L
and thus gL is a representative metric of c.
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Remark 2.30. Unlike the conformal structure c, gL may vanish at certain points. For example,
by Corollary 2.22, if f is a Dupin cyclide then gL = 0.
Recall that given a space form Q3 and space form projection f : Σ→ Q3 of f with tangent
plane congruence t : Σ→ P3, we have that
t + κ1f and t + κ2f
are lifts of the curvature spheres s1 and s2, respectively. Now we may split the trivial connection
d = d1 + d2, where di denotes the partial connection along Ti. Then one can then check that
N (t + κ1f) = − d1κ1
κ1 − κ2 (t + κ2f) and N (t + κ2f) =
d2κ2
κ1 − κ2 (t + κ1f).
Hence,
gL = (κ1 − κ2)−2d1κ1  d2κ2,
and thus gL coincides with the Lie-invariant metric of [42, Theorem 1].
2.5.2 Darboux cubic form
Suppose that f is an umbilic-free Legendre map. For X,Y, Z ∈ ΓTΣ and ξ1, ξ2 ∈ Γf , define a
map
C(X,Y, Z)ξ1 ∧ ξ2 := (DXDY ξ1,NZξ2)− (DXDY ξ2,NZξ1).
Lemma 2.31. C is a tensor taking values in ((T ∗1 )3 ⊕ (T ∗2 )3)⊗ (∧2f)∗.
Proof. The tensorial nature of C follows from the fact that for any smooth function λ and for
any X,Y, Z ∈ ΓTΣ and ξ ∈ Γf ,
DXDY (λξ) = DXDλY ξ = DλXDY ξ = λDXDY ξ mod f⊥
and by Lemma 2.20, NZf ≤ f .
Let Z ∈ ΓT1 and σ1 ∈ Γs1 and σ2 ∈ Γs2. Then by Lemma 2.20, NZσ2 = 0, and thus for
any X,Y ∈ ΓTΣ,
C(X,Y, Z)σ1 ∧ σ2 = −(DXDY σ2,NZσ1).
If either of X or Y lies in T2 then DXDY σ2 ∈ Γf⊥ and, since NZf ≤ f , this would imply that
C(X,Y, Z) = 0. A similar argument shows that if Z ∈ ΓT2, then if X or Y lies in T1 then
C(X,Y, Z) = 0. Hence,
C ∈ Γ(((T ∗1 )3 ⊕ (T ∗2 )3)⊗ (∧2f)∗).
We may thus write C = C1 + C2 where Ci ∈ Γ((Ti)3 ⊗ (∧2f)∗). In terms of σ1 ∈ Γs1 and
σ2 ∈ Γs2 we have that
C1(X,Y, Z)σ1 ∧ σ2 = −(DXDY σ2,NZσ1) and C2(X,Y, Z)σ1 ∧ σ2 = (DXDY σ1,NZσ2).
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Remark 2.32. By evaluating the Darboux cubic form C on τ := (t + κ1f) ∧ (t + κ2f) one can
check that
Cτ = (κ2 − κ1)(κ1,uE du3 + κ2,vGdv3),
in terms of curvature line coordinates (u, v). Hence, Cτ is in the same conformal class as the
cubic form used in [42, Theorem 1].
It follows immediately from Corollary 2.21:
Lemma 2.33. Ci vanishes if and only if the curvature sphere congruence si is constant along
the leaves of Ti.
We now recover a result stated in [42, Section 2]:
Corollary 2.34. C vanishes if and only if f is a Dupin cyclide.
2.6 Contact lift of P(R4)
In this section we will recall (see for example [12, 41]) the contact lift of surfaces in P(R4)
using the Klein correspondence between lines in P(R4) and points in the projective lightcone
of P(R3,3). Consider the six dimensional space ∧2R4. Let e1, e2, e3, e4 be the standard basis
vectors of R4 and let
ω := e1 ∧ e2 ∧ e3 ∧ e4 ∈ ∧2R4
be the volume element of R4. Then we define a scalar product h(., .) on ∧2R4 by
a ∧ b ∧ c ∧ d = h(a ∧ b, c ∧ d) e1 ∧ e2 ∧ e3 ∧ e4.
One can check that this scalar product has signature (3, 3). Hence,
∧2R4 ∼= R3,3.
Furthermore, the lightcone of ∧2R4 is made up of decomposable elements of ∧2R4. We have a
double covering SL(4)→ O(3, 3) and thus an isomorphism φ : sl(4)→ o(3, 3) defined by
φ(A)(v ∧ w) = (Av) ∧ w + v ∧ (Aw).
Suppose that Σ is a two dimensional manifold and let F : Σ → P(R4) be an immersed
surface, i.e., if we identify F as a rank one subbundle of R4 then the derived bundle F (1) has
constant rank 3. Let T1, T2 denote the (possibly complex conjugate) asymptotic directions of
F , i.e. for any X ∈ ΓT1, Y ∈ ΓT2 and σ ∈ ΓF ,
dXdXσ, dY dY σ ∈ ΓF (1).
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We make the further assumption that
F (2) := (F (1))(1) = R4,
that is, for X ∈ ΓT1, Y ∈ ΓT2 and σ ∈ ΓF , dXdY σ never belongs to F (1). Now f := F ∧ F (1)
is a rank 2 subbundle of ∧2R4 consisting of decomposable elements. Therefore, f takes values
in Z. Furthermore,
f (1) = F (1) ∧ F (1) + F ∧ R4
and
F ∧ F (1) ∧ (F (1) ∧ F (1) + F ∧ R4) = 0.
Thus, f satisfies the contact condition f (1) = f⊥. Furthermore, for asymptotic directions
X ∈ ΓT1, Y ∈ ΓT2 and σ ∈ ΓF ,
f = 〈σ ∧ dXσ, σ ∧ dY σ〉.
Now
dX(σ ∧ dXσ), dY (σ ∧ dY σ) ∈ Γf.
and
dY (σ ∧ dXσ) = dY σ ∧ dXσ + σ ∧ dY dXσ
never belongs to f and, similarly, dX(σ ∧ dY σ) never belongs to f . Hence, f satisfies the
immersion condition and f is a Legendre map with curvature spheres congruences s1 := 〈σ ∧
dXσ〉 and s2 := 〈σ ∧ dY σ〉. In terms of projective differential geometry these represent the
asymptotic lines of F .
Conversely, given a Legendre map f : Σ → Z, where Z is the space of lines in ∧2R4, we
have that
f = 〈α ∧ β, γ ∧ δ〉,
for some α, β, γ, δ ∈ ΓR4. The condition that f takes values in Z implies that
α ∧ β ∧ γ ∧ δ = 0.
Therefore, δ ∈ Γ〈α, β, γ〉 and γ ∧ δ = γ ∧ (λα+µβ) for some smooth functions λ and µ. Hence,
with F := λα+ µβ and W := 〈γ, µα+ λβ〉 we have that
f = F ∧W.
The contact condition f (1) = f⊥ then implies that W ≤ F (1). Since F∧W is a rank 2 subbundle
of ∧2R4, we must have that F (1) has rank 3 and thus F is an immersion.
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2.7 Ribaucour transformations
In [13], a modern treatment of Ribaucour transformations was developed in the realm of Lie
sphere geometry. In this section we shall recall this construction and prove some results that
will be useful to us later in Chapter 5.
Let s, t ∈ N with s, t ≥ 2. Suppose that f, fˆ : Σ → Z are Legendre maps in Rs,t and
assume4 that fˆ 6≤ f⊥ and that f and fˆ intersect at a point s0 := f ∩ fˆ . Then s⊥0 /s0 is a rank
s+t−2 subbundle of Rs,t/s0 and the induced metric on s⊥0 /s0 is non-degenerate with signature
(s− 1, t− 1). Let
Nf,fˆ := (f + fˆ)/s0.
ThenNf,fˆ is a rank 2 subbundle of s⊥0 /s0 and the induced metric 〈., .〉 onNf,fˆ is non-degenerate
with signature (1, 1). We then have a well-defined orthogonal projection pi : s⊥0 /s0 → Nf,fˆ .
From the contact condition on f and fˆ , one can quickly deduce the following lemma:
Lemma 2.35. s
(1)
0 ≤ (f + fˆ)⊥ and (f + fˆ)(1) ≤ s⊥0 .
We may now define a metric connection on N f,fˆ : for ξ ∈ Γ(f + fˆ),
∇f,fˆ (ξ + s0) = pi(dξ + s0)
and make the following definition:
Definition 2.36. If ∇f,fˆ is flat then we say that s0 is a Ribaucour sphere congruence and that
f and fˆ are Ribaucour transforms of each other.
Now f+ fˆ is a rank 3 degenerate subbundle of Rs,t. If we let l ≤ f+ fˆ be a rank 2 subbundle
of f + fˆ such that l ∩ s0 = {0}, then the induced metric on l has signature (1, 1). This yields
a splitting
Rs,t = l ⊕ l⊥
and the trivial connection splits accordingly as
d = Dl +Dl⊥ +N l,l⊥ ,
where Dl is the induced connection on l, Dl⊥ is the induced connection on l⊥ and
N l,l⊥ = d− (Dl +Dl⊥) ∈ Ω1(Hom(l, l⊥)⊕Hom(l⊥, l)).
Proposition 2.37. The vector bundle isomorphism
ψ : l→ Nf,fˆ , ξ 7→ ξ + s0
preserves the metric and connection on l.
4In the case that t = 2, these assumptions are equivalent to assuming that f and fˆ are pointwise distinct.
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Proof. Suppose that ξ1, ξ2 ∈ Γl. Then
〈ψ(ξ1), ψ(ξ2)〉 = 〈ξ1 + s0, ξ2 + s0〉 = (ξ1, ξ2).
Hence, the induced metric on l is isometric to 〈., .〉 via ψ. Furthermore, for ξ ∈ Γl,
∇f,fˆ (ψ(ξ)) = pi(dξ + s0) = Dlξ + s0 = ψ(Dlξ).
Hence, ψ is connection preserving.
We then obtain an alternative characterisation of Ribaucour transforms:
Corollary 2.38. f and fˆ are Ribaucour transforms of each other if and only if the induced
connection Dl is flat for some (and hence all) l ≤ f + fˆ of rank 2 such that l ∩ s0 = {0}.
Remark 2.39. Suppose that l ∩ s0 = {0} and let s := l ∩ f and sˆ := l ∩ fˆ . Then the condition
that Dl be flat is equivalent to requiring s and sˆ to be parallel subbundles of Dl. In fact s being
a parallel subbundle of Dl implies that sˆ is parallel as well, and conversely.
In the case that t = 2 it was shown in [13] that Definition 2.36 is equivalent to the classical
definition of Ribaucour transform [3, 30, 31, 40, 68], that is, that the curvature directions of
f and fˆ correspond. Now assume that (s, t) = (4, 2) and let s1, s2 ≤ f denote the curvature
sphere congruences of f and let sˆ1, sˆ2 ≤ fˆ denote the curvature sphere congruences of fˆ . Note
that we are not necessarily assuming that f or fˆ are umbilic-free, so the curvature spheres may
coincide. Then we may assume that Ti is the curvature subbundle of si and sˆi for i ∈ {1, 2}.
Let
li := si ⊕ sˆi.
Then for any ξ ∈ Γli we have that dξ(Ti) ≤ (f + fˆ). Now let
s∞ := l1 ∩ l2.
Then for any σ∞ ∈ Γs∞, we have that dσ∞(T1) ≤ f + fˆ , since σ∞ ∈ Γl1 and dσ∞(T2) ≤ f + fˆ ,
since σ∞ ∈ Γl2. Therefore, as TΣ = T1 ⊕ T2, dσ∞ ∈ Ω1(f + fˆ). In fact s∞ is the unique point
in P(f + fˆ) with the property that
s(1)∞ ≤ f + fˆ
and this motivates the following definition:




It is well known that isothermic surfaces are the only surfaces in conformal geometry that admit
non-trivial second order deformations [24]. In [56] it is shown that Ω- and Ω0-surfaces are the
surfaces in Lie geometry that admit non-trivial second order deformations. Motivated by this
result we investigate deformations of smooth maps into projective space. We start by stating
the definition of k-th order deformations of maps into homogeneous spaces [23, 22, 48, 51, 56].
Let N be a manifold on which a Lie group G acts smoothly and let f, fˆ : Σ→ N be smooth
maps.
Definition 3.1. Let k ∈ N ∪ {0}. We say that f and fˆ are kth-order G-deformations of each
other if there exists a smooth map g : Σ→ G such that for all p ∈ Σ
g−1(p)fˆ and f
agree to order k at p. We will call g a deforming transformation between f and fˆ . If there
exists a constant deforming transformation between f and fˆ we say that the deformation is
trivial and that f and fˆ are congruent. A map f : Σ→ N is said to be G-deformable of order
k if it admits a non-trivial k-th order G-deformation.
Remark 3.2. We shall refer to “G-deformations” as just “deformations” when it has been
made clear what the group G is.
Remark 3.3. k-th order contact at a point is transitive, i.e., if φ1 and φ2 agree to k-th order
at a point p and φ2 and φ3 agree to k-th order at p, then φ1 and φ3 agree to k-th order at p.
In this chapter we shall consider G-deformations of maps into projective space P(V ) and
submanifolds of projective space, where G is a Lie group acting on V with Lie algebra g. In
doing so we obtain a result that characterises deformable maps by the existence of a certain
g-valued one-form. We then study the uniqueness and triviality of deforming transformations.
With these results in hand we set about proving well known results regarding applicability and
rigidity in projective, conformal and Lie sphere geometry.
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Remark 3.4. In [51], Jensen considers deformations of maps into a homogeneous space N =
G/G0 using Cartan’s method of moving frames. Given two maps f, fˆ : Σ → N and k ∈ N, a
system of exterior differential equations is derived on Σ which is satisfied if and only if the two
maps are k-th order G-deformations of each other. By using his so called k-th order frames Lk
associated to a map f , Jensen outlines methods for determining when k-th order G-deformations
of f exist, finding all k-th order G-deformations of f and determining whether another map
fˆ is a k-th order G-deformation of f . Furthermore, Jensen shows that under certain generic
assumptions on N there exists k ≥ 1 such that k-th order deformability implies rigidity. These
methods are then applied to the case of surfaces in R3 under the action of the equiaffine group,
SL(3,R)oR3.
In order to recover the gauge-theoretic approach for Lie applicable surfaces (see [28]), we
use a different approach for studying deformations of maps into projective spaces. In particular,
we do not use Cartan’s method of moving frames.
3.1 Deformations in projective space
Suppose that N = P(V ) for some vector space V and suppose that G is a Lie group acting
linearly on V . Let g denote the Lie algebra of G.
Proposition 3.5. φ, φˆ : Σ → P(V ) agree to order k at p ∈ Σ if and only if for any v0 ∈ V ∗,
the sections σ, σˆ of φ and φˆ, respectively, such that
v0(σ) = v0(σˆ) = 1
agree to order k at p on the open set where they are defined.
Proof. φ and φˆ agree to order k at p if and only if in any chart of P(V ) they agree to order k
at p. Let v0 ∈ V ∗ and U := V \ ker v0. Then P(U) is an open subset of P(V ) and
ψ : P(U)→ V, [u] 7→ u,
where u ∈ [u] satisfies v0(u) = 1, defines a chart (P(U), ψ) on P(V ). Thus, φ and φˆ agreeing to
order k at p in this chart is equivalent to σ := ψ(φ) and σˆ := ψ(φˆ) agreeing to order k at p.
The result follows as the collection of charts defined by all v0 ∈ V ∗ is an atlas for P(V ).
Let j, k ∈ Z and define Sj,k := {j, ..., k} if j ≤ k and Sj,k := ∅ if k < j. Let W be a
vector bundle over Σ, suppose that Xj , ..., Xk ∈ TpΣ and let σ ∈ ΓW . Then for J ⊂ Sj,k with
J = {j1 < ... < jl} we let




We will repeatedly use the Leibniz rule, i.e., if σ, ξ ∈ ΓW and J ⊂ Sj,k, then




Let f : Σ → P(V ) and Y,X1, ..., Xk ∈ ΓTΣ. Then for v0 ∈ V ∗, g : Σ → G with θ = g−1dg





where σ ∈ Γf such that v0(σ) = 1.
Assume that k ∈ N. This section is mainly devoted to proving the following theorem:
Theorem 3.6. fˆ := gf is a k-th order deformation of f via g at p ∈ Σ if and only if for all
Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗, (3.1) holds for all I, J ⊂ {1, ..., k−1} with |I|+ |J | < k−1
and for some i ∈ {0, ..., k− 1}, (3.1) holds at p for all I, J ⊂ {1, ..., k− 1} with |I|+ |J | = k− 1
and |I| = i.
We shall firstly examine the case in Theorem 3.6 where i = 0:
Lemma 3.7. Suppose that f and fˆ := gf are (k − 1)-th order deformations of each other
via g. Then f and g−1(p)gf agree to order k at p ∈ Σ if and only if for any v0 ∈ V ∗ and





at p, where σ ∈ Γf such that v0(σ) = 1.
Proof. We shall use strong induction on k. Consider the case k = 1: f and g−1(p)gf agree to
order 1 at p if and only if for any v0 ∈ V ∗, v0(g−1(p)gσ)σ and g−1(p)gσ agree to order 1 at p
where σ ∈ Γf such that v0(σ) = 1. This holds if and only if for any Y ∈ TpΣ,
g−1(p)dY (gσ) = dY (v0(g−1(p)gσ)σ).
Now using the Leibniz rule and that θp(Y ) = g
−1(p)dY g, this holds if and only if
θp(Y )σ + dY σ = v0(θp(Y )σ)σ + dY σ,
which is equivalent to
θp(Y )d∅σ = θp(Y )σ = v0(θp(Y )σ)σ = v0(θp(Y )d∅σ)d∅σ.
Hence, the proposition holds when k = 1.
Let n ∈ N and assume that the proposition holds for all k < n and assume that f and
fˆ are (n − 1)-th order deformations of each other. Let Y,X1, ..., Xn−1 ∈ ΓTΣ. Then for any
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Since f and fˆ are (n− 1)-th order deformations of each other we have that for any v0 ∈ V ∗






where σ ∈ Γf such that v0(σ) = 1. Differentiating at p with respect to X0 ∈ ΓTΣ we get, using
the Leibniz rule and that dY g
−1 = −θ(Y )g−1,






− v0(g−1(p)dX0XKgσ)dXS1,n−1\Kσ − v0(g−1(p)dXKgσ)dX0XS1,n−1\Kσ)








−1(p)gσ)σ and g−1(p)gσ agree to order n at p if and only if






−1(p)gσ)σ and g−1(p)gσ agree up to order n− 1 at p, thus for any K ⊂ S1,n−1,










































vanishes. Using the inductive hypothesis (3.2) we then have




Hence, the result holds for the case k = n. Hence, by induction the result is proved.
Lemma 3.8. Let Y,X1, ..., Xk−1 ∈ ΓTΣ and suppose that for all v0 ∈ V ∗and I, J ⊂ {1, ..., k−1}
with |I| + |J | < k − 1, (3.1) holds. Then (3.1) holds at p ∈ Σ for all I, J ⊂ {1, ..., k − 1}
with |I| = i ∈ {0, , ..., k − 1} and |I| + |J | = k − 1 if and only if (3.1) holds at p for all
I, J ⊂ {1, ..., k − 1} with |I| = i+ 1 and |I|+ |J | = k − 1 .
Proof. Suppose that (3.1) holds at p ∈ Σ for all I, J ⊂ {1, ..., k−1} with |I| = i ∈ {0, , ..., k−1}
and |I|+ |J | = k − 1. Let I, J ⊂ {1, ..., k − 1} with |I| = i+ 1 and |I|+ |J | = k − 1. Without
loss of generality, assume that min I < min J . Let a denote the smallest element of I and





Differentiating this with respect to Xa at p and using the Leibniz rule we have that


























A similar argument can be used to prove the converse.
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Corollary 3.9. Let Y,X1, ..., Xk−1 ∈ ΓTΣ and suppose that for all v0 ∈ V ∗ and I, J ⊂
{1, ..., k − 1} with |I| + |J | < k − 1, (3.1) holds. Then if (3.1) holds at p ∈ Σ for all I, J ⊂
{1, ..., k − 1} with |I| = i ∈ {0, , ..., k − 1} and |I| + |J | = k − 1, then (3.1) holds at p for all
I, J ⊂ {1, ..., k − 1} with |I|+ |J | = k − 1 .
Proof of Theorem 3.6. Suppose that f and g−1(p)fˆ agree to order k at p. Then by Lemma 3.7,
for any v0 ∈ V ∗ and Y,X1, ..., Xk−1 ∈ ΓTΣ, we have that (3.1) holds at p for all I, J ⊂
{1, ..., k − 1} with |I| = 0 and |J | = k − 1. Then by Corollary 3.9, (3.1) holds at p for all
I, J ⊂ {1, ..., k − 1} with |I|+ |J | = k − 1.
The converse follows by applying Corollary 3.9 and noting that in particular we have that
for all Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗ (3.1) holds at p for the all I, J ∈ {1, ..., k − 1} with
|I| = 0 and |J | = k − 1. Then by Lemma 3.7, f and g−1(p)fˆ agree to order k at p.
Remark 3.10. 1. It follows by Corollary 3.9 that we may replace “for some i” in Theo-
rem 3.6 with“for all i”.
2. When i = k − 1, the statement (3.1) has the following cleaner form
(dX1...Xk−1θ(Y ))f(p) ≤ f(p).
For practical application, however, it will be useful to consider different values of i.
From Theorem 3.6 we obtain the following corollaries:
Corollary 3.11. f and fˆ := gf are k-th order deformations of each other via g : Σ→ G if and
only if for all Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗, for some (and hence all) i ∈ {0, ..., k − 1},
(3.1) holds for all I, J ⊂ {1, ..., k − 1} with |I| = i and |I|+ |J | < k.
Corollary 3.12. There exists k-th order deformations of f if and only if there exists η ∈ Ω1(g)
such that η satisfies the Maurer-Cartan equation and for all Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗,





holds for all I, J ⊂ {1, ..., k−1} with |I| = i and |I|+|J | < k, where σ ∈ Γf such that v0(σ) = 1.
3.1.1 Submanifolds of projective space
In Sections 3.3 and 3.4 we study deformations of maps into quadrics. In view of this we
shall consider maps into submanifolds of projective space. Suppose that S is a G-invariant
submanifold of P(V ).
Proposition 3.13. Let f : Σ → S be a smooth map. Then f admits k-th order deformations
(in S) if and only if there exists η ∈ Ω1(g) satisfying the Maurer-Cartan equation and for all
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Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗, for some (and hence all) i ∈ {0, ..., k − 1}, (3.4) holds for
all I, J ∈ {1, ..., k − 1} with |I| = i and |I|+ |J | < k.
Proof. This follows from the fact that k-th order contact of two maps in S is equivalent to k-th
order contact as maps into P(V ).
3.1.2 Uniqueness of deforming transformations
We will now investigate the uniqueness of deforming transformations between two maps. Let
G := Σ×G denote the trivial bundle with fibre G over Σ. Let Gf,k be the subset of G that at
each point p ∈ Σ is defined by
Gf,kp := {A ∈ G : A−1f agrees to k-th order with f at p}.
Notice that Gf,0p is the stabiliser of f(p).
Lemma 3.14. For all p ∈ Σ, Gf,kp is a subgroup of G.
Proof. Clearly the identity is contained in Gf,kp . Now suppose that A,B ∈ Gf,kp . Then by
Remark 3.3, B−1A−1f agrees to k-th order with f . Thus, AB ∈ Gf,kp . Furthermore, if A ∈ Gf,kp ,
then since A is constant f = A(A−1f) agrees to k-th order with Af . Hence, A−1 ∈ Gf,kp .
Remark 3.15. One should note that in general Gf,k is not a subbundle of G. For example if
G does not act transitively on V , then the dimension of Gf,0p is not necessarily constant over Σ.
If G does act transitively on V then Gf,0 is a subbundle of G, however it is not clear whether
this holds for Gf,k with k > 0.
Theorem 3.16. Let f, fˆ : Σ → S be k-th order deformations of each other via a deforming
transformation g : Σ → G. Let h ∈ ΓG. Then f and fˆ are k-th order deformations via gh if
and only if h is a k-th order deforming transformation between f and itself, i.e., for all p ∈ Σ,
hp ∈ Gf,kp .
Proof. Since f and fˆ are k-th order deformations via g, we have that for each p ∈ Σ, g−1(p)fˆ
agrees to k-th order with f at p. Since h−1(p) is constant, this is equivalent to h−1g−1(p)fˆ
agreeing to order k with h−1(p)f at p. It follows by Remark 3.3 that h−1(p)f agrees to order
k with f at p if and only if h−1(p)g−1(p)fˆ agrees to order k with f at p.
Remark 3.17. Since h is a k-th order deforming transformation between f and itself we must
have that hf = f and for all Y,X1, ..., Xk−1 ∈ ΓTΣ and v0 ∈ V ∗, for some (and hence all)





for all I, J ⊂ {1, ..., k − 1} with |I| = i and |I|+ |J | < k.
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We will only be interested in deformations that are non-trivial. We thus have the following
result:
Theorem 3.18. Suppose that f, fˆ : Σ → S are k-th order deformations of each other via
g : Σ → G. Then this is a trivial deformation if and only if g = Ah for some A ∈ G and
h ∈ ΓG such that hp ∈ Gf,kp for all p ∈ Σ.
Proof. Suppose that fˆ is congruent to f , i.e., there exists A ∈ G such that fˆ = Af . Then A
is a deforming transformation between f and fˆ . Let h : Σ → G such that g = Ah. Then by
Theorem 3.16, for all p ∈ Σ, hp ∈ Gf,kp .
Conversely, if g = Ah for some A ∈ G and h ∈ ΓG such that hp ∈ Gf,kp for all p ∈ Σ, then
by Theorem 3.16, f and fˆ are k-th order deformations via A = gh−1. In particular they are
zeroth order deformations of each other via A. Hence, they are congruent.
Suppose now that Gf,k is a subbundle of G and let gf,k denote the bundle of Lie algebras
of Gf,k. Then Theorem 3.18 gives rise to the following corollary:
Corollary 3.19. g induces a trivial deformation if and only if θg ∈ Ω1(gf,k).
3.2 Projective 3-space
Fubini [44] and later Cartan [22] investigated projective applicability and rigidity of surfaces in
projective 3-space. A modern account of this can be found in [41]. In this section we will use
the results from Section 3.1 to study these notions.
3.2.1 Second order deformations
We will now consider projectively applicable surfaces, i.e., surfaces in P(R4), that admit non-
trivial second order SL(4)-deformations. Let F : Σ → P(R4) be a smooth map, where Σ is a
two-dimensional manifold. By Proposition 3.13 with i = 0, F admits second order deformations
if and only if there exists η ∈ Ω1(sl(4)) satisfying the Maurer-Cartan equation and for all
v0 ∈ (R4)∗ and X,Y ∈ ΓTΣ
ησ = v0(ησ)σ (3.5)
and
η(X)dY σ = v0(η(X)σ)dY σ + v0(η(X)dY σ)σ, (3.6)
where σ ∈ ΓF such that v0(σ) = 1.
Suppose that X and Y are linearly independent asymptotic directions of F , i.e., for any
section σ of F ,
dXXσ, dY Y σ ∈ ΓF (1),
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where F (1) is the derived bundle of F , and assume that dXY σ lies nowhere in F
(1). Suppose
that F is projectively applicable. By equation (3.6) we have that
η(X)dXσ = v0(η(X)σ)dXσ + v0(η(X)dXσ)σ.
Differentiating this in the Y direction gives
(dY η(X))dXσ + η(X)dY Xσ =
dY (v0(η(X)σ))dXσ + v0(η(X)σ)dY Xσ + dY (v0(η(X)dXσ))σ + v0(η(X)dXσ)dY σ.
Since η satisfies the Maurer-Cartan equation the left hand side of this becomes
(dXη(Y ))dXσ − [η(Y ), η(X)]dXσ + η([Y,X])dXσ + η(X)dY Xσ
= dX(η(Y )dXσ)− η(Y )dXXσ − [η(Y ), η(X)]dXσ + η([Y,X])dXσ + η(X)dY Xσ
= η(X)dY XσmodF
(1).
The right hand side is
v0(η(X)σ)dY XσmodF
(1).
Thus, modulo F (1),
η(X)dY Xσ = v0(η(X)σ)dY XσmodF
(1).
Similarly, one can show that
η(Y )dY Xσ = v0(η(Y )σ)dY XσmodF
(1).
Using that {σ, dXσ, dY σ, dY Xσ} forms a basis for P(R4) and that η takes values in sl(4) and is
thus trace free, we must have that v0(ησ) = 0. Therefore,
ηF = 0 and ηF (1) ≤ Ω1(F ).
Conversely if η satisfies
ηF = 0 and ηF (1) ≤ Ω1(F )
then clearly (3.5) and (3.6) hold and thus η yields a second order deformation of F .
Theorem 3.20. F : Σ → P(R4) admits second order deformations if and only if there exists
η ∈ Ω1(sl(4)) satisfying the Maurer-Cartan equation,
ηF = 0 and ηF (1) ≤ Ω1(F ). (3.7)
Lemma 3.21. Suppose that η ∈ Ω1(sl(4)) satisfies (3.7). Then η satisfies the Maurer-Cartan
equation if and only if η is closed.
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Proof. First note that since η satisfies (3.7),
[η ∧ η]|F (1) = 0.
Thus, if η satisfies the Maurer-Cartan equation or η is closed we have that
(dη)F (1) = 0.
Let X and Y be distinct asymptotic directions of F . Then for any σ ∈ ΓF ,
0 = dη(X,Y )σ = (dXη(Y )− dY η(X)− η([X,Y ]))σ
= dX(η(Y )σ)− η(Y )dXσ − dY (η(X)σ) + η(X)dY σ
= −η(Y )dXσ + η(X)dY σ, (3.8)
using the Leibniz rule and that ηF = 0. Furthermore,
0 = dη(X,Y )dXσ
= (dXη(Y )− dY η(X)− η([X,Y ]))dXσ
= dX(η(Y )dXσ)− η(Y )dXXσ − dY (η(X)dXσ) + η(X)dY Xσ − η([X,Y ])dXσ.
Therefore, as dXXσ ∈ ΓF (1) we have that
0 = η(Y )dX(η(Y )dXσ)− η(Y )dY (η(X)dXσ) + η(Y )η(X)dY Xσ.
Similarly, one can show that
0 = η(X)dY (η(X)dY σ)− η(X)dX(η(Y )dY σ) + η(X)η(Y )dY Xσ.
Thus,
[η∧η](X,Y )dY Xσ = η(X)(dX(η(Y )dY σ)−dY (η(X)dY σ))+η(Y )(dX(η(Y )dXσ)−dY (η(X)dXσ)).
Using (3.8), the right hand side becomes
η(X)(dX(η(Y )dY σ)− dY (η(Y )dXσ)) + η(Y )(dX(η(X)dY σ)− dY (η(X)dXσ)).
Using the Leibniz rule, one can then show that this is equivalent to
((dXη(X))(dY η(Y ))− (dY η(X))(dXη(Y )) + (dXη(Y ))(dY η(X))− (dY η(Y ))(dXη(X)))σ.
By Proposition 3.13 with i = 1, for any X1, X2 ∈ ΓTΣ, (dX1η(X2))F ≤ F . This then implies
that the right hand side vanishes. Thus, [η ∧ η]dY Xσ = 0. Then since R4 = F (1) ⊕ 〈dY Xσ〉,
[η ∧ η] = 0 and the result is proved.
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Uniqueness and triviality of deforming transformations
We will now investigate the uniqueness of second order deforming transformations between two
maps F, Fˆ : Σ→ P(R4) and when a deforming transformation yields a trivial deformation.
By Theorem 3.16 the uniqueness of second order deforming transformations is determined
up to the existence of h ∈ ΓSL(4)F,2. By Theorem 3.20, such a h satisfies
hF = F, θhF = 0 and θhF
(1) ≤ Ω1(F ). (3.9)
Now hF = F implies that for any σ ∈ ΓF ,
hσ = λσ
for a smooth function λ. Thus, for any X ∈ ΓTΣ
(dXh)σ + hdXσ = λdXσ + (dXλ)σ.
Using that θhF = 0
hdXσ = λdXσ + (dXλ)σ.
Differentiating this condition with respect to Y ∈ ΓTΣ we have that
hdY Xσ = λdY Xσ + (dY λ)dXσ + (dXλ)dY σ + (dY Xλ)σ − (dY h)dXσ.
Then, since h takes values in SL(4) and θhF
(1) ≤ Ω1(F ), we must have that λ = ±1. Further-
more,
h|F (1) = ±id|F (1) and h|R4/F = ±id|R4/F .
Thus, we may write
h = ±(id+ ξ),
where ξ satisfies ξ|F (1) = 0 and imξ ≤ F . Clearly ξ is trace-free, so ξ ∈ Γsl(4). Hence,
h = ± exp(ξ).
One can easily check that if h = ± exp(ξ), for some ξ ∈ Γsl(4) satisfying ξ|F (1) = 0 and
imξ ≤ F , then h satisfies (3.9) and thus h ∈ ΓSL(4)F,2.
Proposition 3.22. Deforming transformations between maps F, Fˆ : Σ→ P(R4) are determined
up to right multiplication by ± exp(ξ), for any ξ ∈ Γsl(4) satisfying ξ|F (1) = 0 and imξ ≤ F .
Using Theorem 3.18 and Corollary 3.19 we immediately obtain the following two corollaries:
Corollary 3.23. Suppose that F and Fˆ are second order deformations of each other via g :
Σ→ SL(4). Then F and Fˆ are congruent if and only if g = A exp(ξ) for some A ∈ SL(4) and
ξ ∈ Γsl(4) satisfying ξ|F (1) = 0 and imξ ≤ F .
Corollary 3.24. g : Σ → SL(4) yields a trivial second order deformation of F if and only if
g−1dg = dξ, where ξ ∈ Γsl(4) satisfying ξ|F (1) = 0 and imξ ≤ F .
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We have therefore proved the main theorem of this subsection:
Theorem 3.25. F is projectively applicable if and only if there exists η ∈ Ω1(sl(4)), such that
η is closed,
ηF = 0, ηF (1) ≤ Ω1(F )
and η 6= dξ for any ξ ∈ Γsl(4) satisfying ξ|F (1) = 0 and imξ ≤ F .
Remark 3.26. In Section 3.5 we shall see that the applicability of a map into P(R4) coincides
with applicability of its contact lift. In this setting we shall see that the triviality of deformations
can be identified by the vanishing of a certain two-tensor.
3.2.2 Third order deformations
We shall now investigate what happens when two maps into projective 3-space are third order
deformations of each other. Suppose that F and Fˆ are third order deformations of each other
via g : Σ→ SL(4). Then by Theorem 3.25, θ = g−1dg is closed and satisfies
θF = 0 and θF (1) ≤ Ω1(F ).
Furthermore, by Proposition 3.13 with i = 0, for any v0 ∈ (R4)∗ and X,Y, Z ∈ ΓTΣ,
θ(X)dY Zσ = v0(θ(X)dY Zσ)σ + v0(θ(X)dY σ)dZσ + v0(θ(X)dZσ)dY σ + v0(θ(X)σ)dY Zσ,
where σ ∈ Γf such that v0(σ) = 1. Now suppose that Y is an asymptotic direction of F and
Z = Y . Then dY Zσ ∈ ΓF (1) and thus θ(X)dY Zσ ∈ ΓF . Hence, v0(θ(X)dY σ) = 0. Therefore,
θF (1) = 0. We will now use that θ is closed to show that θ = 0: suppose that X,Y, Z ∈ ΓTΣ.
Then, as θ is closed, we have that for any σ ∈ ΓF
dθ(X,Y )dZσ = 0.
Since θ|F (1) = 0, this is equivalent to
θ(X)dY Zσ − θ(Y )dXZσ = 0.
Assume now that X and Y are distinct asymptotic directions of F . Then setting Z = Y
implies that θ(Y )dXY σ = 0, since dY Y σ ∈ ΓF (1). Similarly, setting Z = X implies that
θ(X)dY Xσ = 0, which in turn implies that θ(X)dXY σ = 0. Therefore as {σ, dXσ, dY σ, dXY σ}
is a basis for R4, θ = 0. Thus we have proved the following theorem:
Theorem 3.27. If F and Fˆ are third order deformations of each other then they are congruent.
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3.3 Hypersurfaces in the conformal n-sphere
In this section we will apply the results of Section 3.1 to examine deformations of hypersurfaces
in conformal geometry. For a detailed analysis of conformal geometry see [6, 8]. Let n ∈ N. Then
we may view Sn as the projective light cone P(L) of Rn+1,1, which is acted upon transitively
by the orthogonal group O(n + 1, 1). Suppose that f : Σ → P(L) is an immersion, where Σ is
an (n− 1)-dimensional manifold. We will view f as a null line subbundle of Rn+1,1. Note that
as f is an immersion, the derived bundle f (1) of f is a codimension 1 subbundle of f⊥. Let V
be a sphere congruence enveloped by f , i.e., V is a bundle of (n, 1)-planes such that f (1) ≤ V .
Then let f˜ be a null-line subbundle of V complementary to f , i.e., f ⊕ f˜ is a (1, 1)-subbundle of
V . Let U := (f ⊕ f˜)⊥ ∩V . Then f (1) = f ⊕U and f⊥ = f ⊕U ⊕V ⊥. We now have a splitting
Rn+1,1 = f ⊕ f˜ ⊕ U ⊕ V ⊥,
and thus a splitting of ∧2Rn+1,1:
∧2Rn+1,1 = f ∧ U ⊕ f ∧ V ⊥ ⊕ U ∧ U ⊕ U ∧ V ⊥ ⊕ f ∧ f˜ ⊕ f˜ ∧ U ⊕ f˜ ∧ V ⊥.
3.3.1 Second order deformations
By Proposition 3.13 with i = 0, f admits second order deformations if and only if there exists
η ∈ Ω1(o(n+ 1, 1)) satisfying the Maurer-Cartan equation, and for all v0 ∈ (Rn+1,1)∗ and
X,Y ∈ ΓTΣ
ησ = v0(ησ)σ and η(X)dY σ = v0(η(X)σ)dY σ + v0(η(X)dY σ)σ, (3.10)
where σ ∈ Γf such that v0(σ) = 1. From the skew-symmetry of η it follows that v0(ησ) = 0.
Thus, (3.10) holds if and only if
ηf = 0 and ηf (1) ≤ Ω1(f),
or equivalently
ηf = 0 and η U ≤ Ω1(f).
This clearly holds if and only if
η ∈ Ω1(f ∧ U ⊕ f ∧ V ⊥) = Ω1(f ∧ f⊥).
Now f ∧ f⊥ is an abelian subalgebra of o(n+ 1, 1). Therefore, [η ∧ η] = 0 and the condition
that η satisfies the Maurer-Cartan equation reduces to η being closed.
We shall now investigate the uniqueness and triviality of second order deformations.
Lemma 3.28. Suppose f and fˆ are second order deformations of each other via g1 : Σ →
O(n + 1, 1). If f and fˆ are also second order deformations via g2 : Σ → O(n + 1, 1) then
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g1 = ±g2.
Proof. By Theorem 3.16, h := g−11 g2 satisfies hf = f and θh ∈ Ω1(f ∧ f⊥). Thus, for any
section σ ∈ Γf , hσ = λσ, for some smooth function λ. Differentiating this along X ∈ ΓTΣ
gives
(dXh)σ + hdXσ = (dXλ)σ + λdXσ.
But since θhf = 0, we have that
hdXσ = (dXλ)σ + λdXσ.
The orthogonality of h then gives that λ = ±1. Furthermore h|f(1) = ±id|f(1) and so for any
ν ∈ Γf (1), hν = ν. Differentiating this condition along Y ∈ ΓTΣ gives
(dY h)ν + hdY ν = ±dY ν.
Then since θhf
⊥ ≤ f , we have that h|f(2) ≡ ±id|f(2) mod f . Now, f (2) := (f (1))(1) = Rn+1,1,
so we may write
h = ±id+ ξ,
where ξ|f(1) = 0 and imξ ≤ f . From the orthogonality of h one may deduce that ξ is skew-
symmetric. Combined with ξ|f(1) = 0 and imξ ≤ f , this can only hold if ξ = 0, and the result
is proved.
Using Corollary 3.19 we get the following corollary:
Corollary 3.29. Suppose f and fˆ are second order deformations of each other via g : Σ →
O(n+ 1, 1). Then fˆ is congruent to f if and only if g is constant and thus θg = 0.
We have thus arrived at the following theorem:
Theorem 3.30. f admits non-trivial second order deformations if and only if there exists a
closed non-zero one-form η taking values in f ∧ f⊥.
Remark 3.31. In [5] it is shown that an η satisfying the conditions of Theorem 3.30 does not
exist for n > 3.
For the case n = 3 this characterises second order deformations as isothermic surfaces and
in [64] it was proved that more can be said about where η takes values:
Proposition 3.32. Suppose that η ∈ Ω1(f ∧ f⊥) is closed. Then η ∈ Ω1(f ∧ f (1)).
3.3.2 Third order deformations
We shall show that in S3 rigidity occurs at third order. Suppose that f and fˆ are third order
deformations of each other via g : Σ → O(4, 1). Then by Proposition 3.32, θg ∈ Ω1(f ∧ f (1)).
Furthermore, by Proposition 3.13, for all v0 ∈ (R4,1)∗ and X,Y, Z ∈ ΓTΣ,
(dXθg(Y ))σ = v0((dXθg(Y ))σ)σ
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and
(dXθg(Y ))dZσ = v0((dXθg(Y ))σ)dZσ + v0((dXθg(Y ))dZσ)σ,
where σ ∈ Γf such that v0(σ) = 1. The skew-symmetry of (dXθg(Y )) implies that v0((dXθg(Y ))σ) =
0. Hence, (dXθg(Y ))σ = 0. By the Leibniz rule this implies that θg(Y )dXσ = 0 and thus
θgf
(1) = 0. Therefore, θg = 0. We have thus proved the following theorem:
Theorem 3.33. If f and fˆ are third order deformations of each other then they are congruent.
3.4 Legendre maps
Let s, t ∈ N with s, t ≥ 2 and let n := s+ t− 4. Let f : Σ→ Z be a Legendre map, where Σ is
a n-dimensional manifold and Z is the Grassmannian of isotropic two dimensional subspaces
of Rs,t. Z is acted upon transitively by G := O(s, t). Assume1 that f has n curvature spheres
s1, ..., sn such that si ∩ sj = {0} for all i 6= j and let T1, ..., Tn denote the corresponding rank
one curvature subbundles of TΣ. We identify f with the map F : Σ→ Z, defined by F = ∧2f ,
where Z is the subset of P(∧2Rs,t) defined by
Z := {[v ∧ w] : v, w ∈ L and (v, w) = 0}.
Z is acted upon smoothly and transitively by O(s, t) via
A[v ∧ w] = [Av ∧Aw].
Let f˜ : Σ→ Z be complementary to f , i.e., f ⊕ f˜ is a rank 4 bundle with signature (2, 2).
Let U = (f ⊕ f˜)⊥. Then we have a splitting of Rs,t:
Rs,t = (f ⊕ f˜)⊥ ⊕⊥ U.
This induces a splitting of ∧2Rs,t:
∧2Rs,t = ∧2f ⊕ f ∧ U ⊕ f ∧ f˜ ⊕ ∧2U ⊕ f˜ ∧ U ⊕⊕ ∧2 f˜ .
3.4.1 Second order deformations
By Proposition 3.13 with i = 0 and k = 1 and i = 1 and k = 2, F admits second order
deformations if and only if there exists η ∈ Ω1(o(s, t)) satisfying the Maurer-Cartan equation
and
ηF ≤ Ω1(F ) and (dXη(Y ))F ≤ F, (3.11)
1With more effort one can prove that the results of this section hold without making this assumption.
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for all X,Y ∈ ΓTΣ. Now ηF ≤ Ω1(F ) if and only if for linearly independent σ, ξ ∈ Γf ,
(ησ) ∧ ξ + σ ∧ (ηξ) = η(σ ∧ ξ) ∈ Ω1(F ).
Since σ and ξ are linearly independent this is equivalent to
ηf ≤ Ω1(f).
Similarly, one can show that (dXη(Y ))F ≤ F is equivalent to (dXη(Y ))f ≤ f . By the Leibniz
rule, this holds if and only if for any section σ ∈ Γf and curvature directions Xj ∈ ΓTj and
Xk ∈ ΓTk,
dXj (η(Xk)σ)− η(Xk)dXjσ ∈ Γf. (3.12)
Now, as ηf ≤ Ω1(f), dXj (η(Xk)σ) ∈ Γfj . Furthermore, η(Xk)dXjσ is orthogonal to dXjσ.
Therefore, as the metric on Rs,t restricts to a non-degenerate metric on fj/f , we can deduce
that
dXj (η(Xk)σ), η(Xk)dXjσ ∈ Γf.
Now, dXj (η(Xk)σ) ∈ Γf if and only if η(Xk)σ ∈ Γsj . As j and k were arbitrary and f is umbilic-
free, this implies that ηf ≡ 0. Also, η(Xk)dXjσ ∈ Γf for all j, k implies that ηf (1) ≤ Ω1(f).
Thus, η U ≤ Ω1(f). Finally,
ηf ≡ 0 and η U ∈ Ω1(f)
if and only if
η ∈ Ω1(∧2f ⊕ f ∧ U) = Ω1(f ∧ f⊥).
One can easily check that the converse is true, i.e., given η ∈ Ω1(f ∧f⊥) satisfying the Maurer-
Cartan equation, (3.11) holds.
Lemma 3.34. Suppose that η ∈ Ω1(f ∧ f⊥). Then η satisfies the Maurer-Cartan equation if
and only if it is closed. Furthermore, η(Ti) ≤ f ∧ fi and [η ∧ η] = 0.




[η ∧ η])f = dηf.
Let Xi ∈ ΓTi and Xj ∈ ΓTj for i 6= j and σi ∈ Γsi. Then
dη(Xi, Xj)σi = (dXi(η(Xj))− dXj (η(Xi))− η([Xi, Xj ]))σi
= dXi(η(Xj)σi)− η(Xj)dXiσi − dXj (η(Xi)σi) + η(Xi)dXjσi
= −η(Xj)dXiσi + η(Xi)dXjσi,
using again that ηf ≡ 0. Since si is a curvature sphere, dXiσi ∈ Γf and thus η(Xj)dXiσi = 0.
Therefore assuming that η satisfies the Maurer-Cartan equation or that it is closed implies that
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for all i 6= j, Xi ∈ ΓTi and Xj ∈ ΓTj and σi ∈ Γsi,
0 = η(Xi)dXjσi.
Thus, η(Xi) ∈ Γ(f ∧ fi) and
[η(Xi), η(Xj)] = 0.
Thus,
[η ∧ η](Xi, Xj) = 2[η(Xi), η(Xj)] = 0.
Therefore, since we may choose a basis of curvature directions X1, ..., Xn for TΣ, we have that




[η ∧ η] = dη
and the result follows.
Thus, we have arrived at the following theorem:
Theorem 3.35. f admits second order deformations if and only if there exists a closed one-
form η taking values in f ∧ f⊥.
Uniqueness of second order deforming transformations
By Theorem 3.16, the uniqueness of second order deforming transformations of F is determined
by the existence of h ∈ ΓO(s, t)F,2. By Theorem 3.35, h ∈ ΓO(s, t)F,2 if and only if
hF = F and θh ∈ Ω1(f ∧ f⊥).
Furthermore, hF = F if and only if hf = f . Let σi ∈ Γsi be a lift of one of the curvature
spheres of f . Then, since hf = f we have that
hσi = ν,
for some ν ∈ Γf . Differentiating this condition with respect to the curvature direction Xi yields
(dXih)σi + hdXiσi = dXiν.
Since θh ∈ Ω1(f ∧ f⊥), we have that (dXih)σi = 0 and thus
hdXiσi = dXiν.
Since dXiσi ∈ Γf and hf = f , we must have that dXiν ∈ Γf . Thus, ν ∈ Γsi. Therefore, for
some smooth function λ we have that hσi = λσi. Differentiating this condition gives for all
X ∈ ΓTΣ,
(dXh)σi + hdXσi = (dXλ)σi + λdXσi. (3.13)
44
Then the orthogonality of h and that θhf ≡ 0 implies that λ = ±1. Therefore, h|si = ±id|si .
Now in the case that f has more than two curvature spheres it follows that h|f = ±id|f .
However in the case that n = 2, there are only two curvature spheres and there is another
possibility to consider.
Lemma 3.36. Suppose that f has exactly two curvature spheres s1, s2 with corresponding
curvature subbundles T1 and T2, and that h|s1 = ±id|s1 and h|s2 = ∓id|s2 . Then f is a Dupin
cyclide.
Proof. Let σ1 ∈ Γs1 and σ2 ∈ Γs2 and let X ∈ ΓT1 and Y ∈ ΓT2. Then
dXσ1 = α1σ1 + β1σ2 and dY σ2 = α2σ1 + β2σ2,
for smooth functions α1, α2, β1, β2. Now
±(α1σ1 + β1σ2) = ±dXσ1 = dX(hσ1) = (dXh)σ1 + hdXσ1 = ±α1σ1 ∓ β1σ2,
since θhf ≡ 0. Thus β1 = 0. Similarly, one can show that α2 = 0. Then, since X ∈ ΓT1 and
Y ∈ ΓT2 are arbitrary, f is a Dupin Cyclide (see Definition 2.17).
Remark 3.37. In the case that f is a Dupin cyclide, there exists ρ ∈ O(s, t) such that ρ restricts
to the identity on S1 and minus the identity on S2, where S1 and S2 denote the Lie cyclides
of f . If h satisfies h|s1 = ±id|s1 and h|s2 = ∓id|s2 , then h˜ := ρh satisfies h˜ ∈ ΓO(s, t)F,2 and
h˜|f = ±id|f .
Assume that h|f = ±id|f . Then by (3.13), h|f(1) = ±id|f(1) . By differentiating this condi-
tion again one finds that h|f(2)/f = ±id|f(2)/f . Therefore we may write
h = ±(id+ ξ),
where ξ satisfies ξ(Rs,t) ≤ f and ξf⊥ ≡ 0. Since ξ(Rs,t) ≤ f , we have that (ξv, ξw) = 0 for all
v, w ∈ ΓRs,t. Now h is orthogonal so
(v, w) = (hv, hw) = (v + ξv, w + ξw) = (v, w) + (ξv, w) + (v, ξw).
Thus (ξv, w) + (v, ξw) = 0 and so ξ ∈ Γo(s, t). Combining this with the fact that ξ(Rs,t) ≤ f
and ξf⊥ ≡ 0 gives that ξ ∈ Γ ∧2 f . Hence, h = ± exp(ξ).
Conversely, if h = ± exp(ξ), for some ξ ∈ Γ(∧2f), then one can check that
hF = F, θh ∈ Ω1(f ∧ f⊥).
Thus, h ∈ ΓO(s, t)F,2.
We have thus arrived at the following theorem:
Theorem 3.38. Suppose that f and fˆ are deforming transformations via g1 and g2. Then in
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the case that f is not a Dupin cyclide we have that g2 = ±g1 exp(ξ) for some ξ ∈ Γ(∧2f). In
the case that f is a Dupin cyclide, either g2 = ±g1 exp(ξ) or g2 = ±ρg1 exp(ξ).
By Corollary 3.19, we have:
Corollary 3.39. g is a trivial deformation if and only if θg = dξ for some ξ ∈ Γ(∧2f).
Gauge orbit
Suppose that η ∈ Ω1(f ∧ f⊥) is closed. Notice that if ξ ∈ Γ(∧2f), then η + dξ is closed and
takes values in Ω1(f ∧ f⊥).
Definition 3.40. We say that η˜ ∈ Ω1(f ∧ f⊥) is gauge equivalent to η if there exists some
ξ ∈ Γ(∧2f) such that
η˜ = η + dξ.
This defines an equivalence relation on closed one forms with values in f ∧ f⊥ and we call the
equivalence class of η the gauge orbit of η.
Remark 3.41. We shall see in Proposition 3.48 that this definition coincides with the usual
definition of gauge equivalence.
By Corollary 3.39, we have the following theorem:
Theorem 3.42. f admits non-trivial second order deformations if and only if there exists a
closed one-form η taking values in f ∧ f⊥ such that [η] 6= [0].
We will now introduce a tool that makes it easier to check when [η] = [0]. First note that
for any X,Y ∈ ΓTΣ,
σ 7→ η(X)dY σ
defines an endomorphism f → f . Let q be the two-tensor defined by
q(X,Y ) = tr(σ 7→ η(X)dY σ).
Lemma 3.43. q is symmetric with q(Ti, Tj) = 0 for all i 6= j.
Proof. By Lemma 3.34, for X ∈ ΓTi, η(X) ∈ Γf ∧ fi. Therefore, for i 6= j, η(X)fj = 0 and
thus for any σ ∈ Γf and Y ∈ ΓTj , η(X)dY σ = 0. Hence, q(X,Y ) = 0.
Lemma 3.44. q = 0 if and only if [η] = 0.
Proof. Suppose that [η] = 0. Then η = dξ for some ξ ∈ Γ ∧2 f . Now let X,Y ∈ ΓTi, then one
can check that dXY σ ∈ Γs⊥i for any σ ∈ Γf and moreover, dXY σ ∈ Γf⊥ if σ ∈ Γsi. Thus,
η(X)dY σ = (dXξ)dY σ = −ξ dXY σ
lies in si and vanishes if σ ∈ Γsi. Hence, q(X,Y ) = 0. By Lemma 3.43 this suffices to show
that q = 0.
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Conversely suppose that q = 0. Then we must have, η(Ti) ≤ si∧fi. Let σ1 and σ2 be lifts of
the curvature spheres s1 and s2, respectively. Then for i > 2 let σi be the lift of the curvature
sphere si such that σi = σ2 + µiσ1, for some smooth functions µi. Thus, we may write
η = σ1 ∧ dσ2 ◦A1 + σ2 ∧ dσ1 ◦A2 + σ3 ∧ dσ1 ◦A3 + ...+ σr ∧ dσ1 ◦ArmodΩ1(f ∧ f),
where Ai = αiid|Ti ∈ ΓEnd(Ti) for some smooth functions αi. Therefore, for i 6= 1, X ∈ ΓT1
and Y ∈ ΓTi,
0 = dη(X,Y ) = dXσi ∧ dσ1(Ai(Y ))− dY σ1 ∧ dσ2(A1(X))modΩ1(f ∧ Rs,t)
= αi dXσi ∧ dY σ1 − α1dY σ1 ∧ dXσ2modΩ1(f ∧ Rs,t)
Since σi = σ2mod s1 we have that
0 = dη(X,Y ) = αi dXσ2 ∧ dY σ1 − α1 dY σ1 ∧ dXσ2modΩ1(f ∧ Rs,t).
This implies that αi = −α1. Since i was arbitrary we have
η = α1(−σ1 ∧ dσ2|T1 + σ2 ∧ dσ1|T2 + σ3 ∧ dσ1|T3 + ...+ σr ∧ dσ1|Tr )modΩ1(∧2f).
Now for i > 2, since σi = σ2 + µiσ1,
σi ∧ dσ1|Ti = (σ2 + µiσ1) ∧ dσ1|Ti modΩ1(∧2f)
= (σ2 ∧ dσ1|Ti + σ1 ∧ d(µiσ1)|Ti)modΩ1(∧2f)
= (σ2 ∧ dσ1|Ti − σ1 ∧ dσ2|Ti)modΩ1(∧2f)
= d(σ2 ∧ σ1)|Ti modΩ1(∧2f).
Hence,
η = d(α1σ2 ∧ σ1)modΩ1(∧2f).
The closeness of η implies that
η = d(α1σ2 ∧ σ1).
Thus, [η] = 0.
We immediately obtain the following corollary:
Corollary 3.45. f admits non-trivial second order deformations if and only if there exists a
closed one-form η taking values in f ∧ f⊥ such that q 6= 0.
Corollary 3.46. q is gauge invariant, i.e., if η˜ ∈ [η] then q˜ = q.
Proof. If η˜ ∈ [η] then η˜ − η = dξ for some ξ ∈ Γf ∧ f . Therefore, as [dξ] = [0],
q˜ − q = 0
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by Lemma 3.44.
Proposition 3.47. η is closed if and only if {dt := d + tη}t∈R is a one-parameter family of
flat metric connections.







Thus, dt is a one-parameter family of flat connections if only if η is closed and [η ∧ η] = 0.
Then, by Lemma 3.34, if η is closed then [η ∧ η] = 0.
The fact that dt is a metric connection follows by the skew-symmetry of η.
Proposition 3.48. Suppose that η is closed. Then for η˜ ∈ [η] with η˜ = η − dτ for some
τ ∈ Γ(∧2f) we have that
d+ tη˜ = exp(tτ) · (d+ tη).
Proof. Since, τ ∈ Γf ∧ f , we have that τf⊥ = 0. Thus, for v ∈ ΓRs,t,
exp(tτ) · (d+ tη)v = exp(tτ)(d+ tη) exp(−tτ)v
= exp(tτ)(dv − td(τv) + tηv)
= dv − td(τv) + tηv + tτdv
= (d+ t(−dτ + η))v
= (d+ tη˜)v,
and the result follows.
3.4.2 Third order deformations
In this subsection we shall show that rigidity occurs at third order for Legendre maps. Suppose
that F and Fˆ are third order deformations of each other via g : Σ → O(s, t). Then by
Theorem 3.35, θ = g−1dg ∈ Ω1(f ∧ f⊥) and θ is closed. Now by Proposition 3.13 with i = 2,
for j, k, l ∈ {1, ..., n} and curvature directions Xj ∈ ΓTj , Xk ∈ ΓTk and Xl ∈ ΓTl,
(dXjXkθ(Xl))F ≤ F.
Thus, for any linearly independent section σ, ξ ∈ Γf ,
((dXjXkθ(Xl))σ) ∧ ξ + σ ∧ ((dXjXkθ(Xl))ξ) = (dXjXkθ(Xl))(σ ∧ ξ) ∈ ΓF.
Therefore, as σ and ξ are linearly independent, this is equivalent to
(dXjXkθ(Xl))f ≤ f. (3.14)
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Let σ ∈ Γf . Then by the Leibniz rule, equation (3.14) implies that
dXj ((dXkθ(Xl))σ)− (dXkθ(Xl))dXjσ ∈ Γf. (3.15)
Now, (dXkθ(Xl))σ ∈ Γf , thus dXj ((dXkθ(Xl))σ) ∈ Γfj . Furthermore, as (dXkθ(Xl)) is skew-
symmetric, (dXkθ(Xl))dXjσ is orthogonal to dXjσ. Thus equation (3.15) holds if and only
if
dXj ((dXkθ(Xl))σ) ∈ Γf and (dXkθ(Xl))dXjσ ∈ Γf.
Now dXj ((dXkθ(Xl))σ) ∈ Γf implies that
(dXkθ(Xl))σ ∈ Γsj .
Since j was arbitrary, we have that (dXkθ(Xl))σ = 0 for all k, l. By the Leibniz rule this implies
that
dXk(θ(Xl)σ)− θ(Xl)dXkσ = 0,
and since θ(Xl)f = 0, we have for all k, l,
θ(Xl)dXkσ = 0.
Hence, θf⊥ ≡ 0 and thus θ ∈ Ω1(∧2f). One can then check that θ being closed implies that
θ ≡ 0 and thus g is constant.
Theorem 3.49. If f and fˆ are third order deformations of each other then they are congruent.
3.5 Projective applicability revisited
In Section 2.6 we showed how surfaces in P(R4) could be represented by their contact lifts in
R3,3. In this section we shall prove a result known to Fubini, [44], that the applicability of
surfaces in P(R4) is equivalent to the applicability of their contact lifts.
Recall that the contact lift of a surface F : Σ→ P(R4) is given by
f = F ∧ F (1),
and the derived bundle of this contact lift is
f (1) = F (1) ∧ F (1) + F ∧ R4.
Recall also that we have an isomorphism φ : sl(4)→ o(3, 3), defined by
φ(A) (v ∧ w) = Av ∧ w + v ∧Aw.
Since φ is constant, φ intertwines the trivial connections on sl(4) and o(3, 3). Let Θ ≤ sl(4)
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denote the subbundle of sl(4) such that A ∈ ΓΘ if and only if
AF = 0 and AF (1) ≤ F.
Then A ∈ ΓΘ implies that
φ(A)f = (AF ) ∧ F (1) + F ∧ (AF (1)) = 0.
Furthermore,
φ(A)f (1) = (AF (1)) ∧ F (1) + F (1) ∧ (AF (1)) + (AF ) ∧ R4 + F ∧ (AR4) ≤ F ∧ F (1) = f.
Therefore, φ(A) ∈ Γ(f ∧ f⊥). Now φ injects and Θ has the same rank as f ∧ f⊥. Thus,
Θ ∼= f ∧ f⊥ via φ. Hence, via φ, closed one forms taking values in Θ are in one-to-one
correspondence with closed one forms taking values in f ∧ f⊥. It remains to check that the
triviality of these one-forms is preserved by φ. Let Ψ denote the subbundle of Θ defined by
A ∈ ΓΨ if and only if
AF (1) = 0 and imA ≤ F.
Then as Ψ ≤ Θ, A ∈ ΓΨ implies that φ(A)f = 0. Furthermore, it is easy to check that
φ(A)f (1) = 0. Hence, φ(A) ∈ Γ(∧2f). Now Ψ and ∧2f both have rank 1. Thus, Ψ ∼= ∧2f via
φ. Therefore, as φ preserves the connection on sl(4), we have that a one-form ω ∈ Ω1(sl(4)) is
of the form ω = dξ for some ξ ∈ ΓΨ if and only if φ(ω) = dζ for some ζ ∈ Γ(∧2f). We have
thus arrived at the following theorem:
Theorem 3.50. A surface in projective 3-space is applicable if and only if its contact lift is
applicable.
Further work
The examples considered in this chapter are examples of R-spaces [71]. Since any R-space can
be represented as a submanifold of projective space, we may apply Theorem 3.6 to consider
deformations in these more general spaces. It would be interesting to see how certain properties
of R-spaces affect the deformations of these spaces. For example, how does the height of an




In this chapter we shall restrict our attention to Legendre maps in R4,2. To deal with the
non-uniqueness posed by gauge transformations, we introduce the middle connection which we
shall use extensively in the following chapters. We then show that applicable surfaces in this
context coincide with the Ω- and Ω0-surfaces of Demoulin, [35, 36, 34] and then recover the
isothermic sphere congruences that these surfaces envelope. In the final section of this chapter
we recover the associate surface of an Ω-surface in Euclidean 3-space that was discovered by
Demoulin [34] and show that a system of O-surfaces [65] arises from this construction.
Remark 4.1. It should be noted that it is possible for Legendre maps to be Lie applicable in
more than one way, i.e., admit more than one gauge-orbit of closed one-forms. The case that a
Legendre map is Lie applicable in three parameters worth of ways has been studied in [43, 56].
Let Z be the space of lines in R4,2. Let f : Σ → Z be a Legendre map, with two distinct
curvature spheres s1 and s2 with respective curvature bundles T1, T2 ≤ TΣ. By Corollary 3.45,
f is Lie applicable, i.e., admits non-trivial second order deformations, if and only if there exists
a closed η ∈ Ω1(f ∧ f⊥) such that the quadratic differential q ∈ ΓS2(TΣ) defined by
q(X,Y ) = tr(σ 7→ η(X)dY σ)
is non-zero. Clearly, Lie applicability is a Lie invariant notion and we have the following
proposition:
Proposition 4.2. Suppose that f is Lie applicable with associated closed one form η. Then
for any A ∈ O(4, 2), ηA := Ad(A) · η is a closed one-form which takes values in fA ∧ (fA)⊥,
where fA := Af . Furthermore, the quadratic differential of ηA coincides with that of η.
Proof. The closure of ηA follows trivially since A is constant and since A ∈ O(4, 2) we have
that
Ad(A) · (f ∧ f⊥) = Af ∧Af⊥ = fA ∧ (fA)⊥.
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Hence, ηA ∈ Ω1(fA ∧ (fA)⊥). Now if σ ∈ Γf , then
ηA(X)dY (Aσ) = (Ad(A) · η(X))AdY σ = Aη(X)dY σ.
Therefore the quadratic differential of ηA,
qA(X,Y ) = tr(Aσ 7→ ηA(X)dY (Aσ))
coincides with q.
4.1 The Middle Connection
Suppose that f is Lie applicable with associated closed one-form η. In this section we shall see
that within the gauge orbit of η there exists a distinguished gauge potential ηm which we shall
call the middle connection.
Recall from Subsection 2.3.1 that we may split R4,2 using the Lie cyclides
R4,2 = S1 ⊕⊥ S2.
This then induces the splitting o(4, 2) = h + m, where
h := S1 ∧ S1 ⊕ S2 ∧ S2 and m := S1 ∧ S2.
Suppose that f is Lie applicable with non-trivial closed one-form η ∈ Ω1(f ∧ f⊥). We may
split η into ηh and ηm where ηh ∈ Ω1(h) and ηm ∈ Ω1(m). We will now show that within the
gauge-orbit of η there exists a unique gauge potential such that ηm ∈ Ω1(∧2f).
Proposition 4.3. ηh is invariant of gauge transformation.
Proof. Firstly, notice that ∧2f ≤ m, since for any ξ ∈ Γ(∧2f) there exists σ1 ∈ Γs1 and
σ2 ∈ Γs2 such that ξ = σ1 ∧ σ2. Now for any X ∈ ΓT1,
dXξ = (dXσ1) ∧ σ2 + σ1 ∧ dXσ2 = σ1 ∧ dXσ2mod ∧2 f,
since dXσ1 ∈ Γf . Thus, dXξ ∈ Γ(S1 ∧ S2). Similarly, one can show that dY ξ ∈ Γ(S1 ∧ S2), for
any Y ∈ ΓT2. Hence, dξ ∈ Ω1(S1 ∧ S2).
Proposition 4.4. Modulo Ω1(∧2f), ηm = dξ for some ξ ∈ Γ(∧2f).
Proof. Let σ1 ∈ Γs1 and σ2 ∈ Γs2 be lifts of the curvature spheres. Then we may write
η = (α1 σ1 ∧ dσ1 + α2 σ2 ∧ dσ2 + β1 σ1 ∧ dσ2 + β2 σ2 ∧ dσ1)modΩ1(∧2f),
where α1, α2, β1, β2 are smooth functions. In this case
ηm = (β1 σ1 ∧ dσ2 + β2 σ2 ∧ dσ1)modΩ1(∧2f),
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for some one form ω. Now dσ1 uprise dσ1, dσ2 uprise dσ2 ∈ Ω2(f ∧ f⊥) and thus
0 = dη = β1 dσ1 uprise dσ2 + β2 dσ2 uprise dσ1modΩ2(f ∧ f⊥).
Therefore β2 = −β1 and
ηm = d(β1σ1 ∧ σ2)modΩ1(∧2f),
and the result is proved.
Corollary 4.5. There exists a unique gauge potential of [η] with ηm ∈ Ω1(∧2f).
Following Corollary 4.5 we have the following definition:
Definition 4.6. We call the gauge potential in [η] with ηm ∈ Ω1(∧2f) the middle connection
and denote it ηm.
Therefore, since q is gauge invariant by Corollary 3.46 and (∧2f)f⊥ = 0, we can deduce the
following corollary:
Corollary 4.7. For any X,Y ∈ ΓTΣ,
q(X,Y ) = tr(σ 7→ ηh(X)dY σ).
4.2 Ω- and Ω0-surfaces
In this section we shall define Ω- and Ω0-surfaces and see that this definition coincides with the
classical definition of Demoulin, [35, 36, 34].
Definition 4.8. Suppose that η ∈ Ω1(f ∧ f⊥) is closed with non-zero quadratic differential q.
We say that f is an Ω-surface (Ω0-surface) if q is non-degenerate (degenerate).
Remark 4.9. Notice that in this definition we do not exclude umbilic points. For the majority
of our analysis and in this chapter in particular we will avoid such points.
Assume that f is umbilic-free, i.e., the curvature spheres s1 and s2 of f never coincide. In
this case T1 and T2 are rank one subbundles of TΣ. We shall split the connection d on R4,2
into the partial connections d1 and d2, where di denotes differentiation along Ti. Suppose that
q is a quadratic differential with respect to the conformal structure [c]. Up to rescaling q by
±1 and reordering s1 and s2 we may assume that
q = −2q1 + q2,
where  ∈ {0, 1, i}, and q1 ∈ Γ(T ∗1 )2 and q2 ∈ Γ(T ∗2 )2 are positive definite quadratic forms.
Then q1 and q2 determine unique lifts σ1 ∈ Γs1 and σ2 ∈ Γs2 (up to sign) such that
q1 = (dσ2, dσ2) and q2 = (dσ1, dσ1).
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Thus, q determines a unique one form ηh ∈ Ω1(h ∩ (f ∧ f⊥)) such that
q(X,Y ) = tr(σ 7→ ηh(X)dY σ),
namely,
ηh = −σ1 ∧ d2σ1 + 2σ2 ∧ d1σ2.
Let ω := ω1 + ω2 be a one form with ω1 ∈ ΓT ∗1 and and ω2 ∈ ΓT ∗2 and define
ηm := −σ1 ∧ dσ1 + 2σ2 ∧ dσ2 + ωσ1 ∧ σ2.
The ηm is closed if and only if
0 = dηm = −dσ1 uprise dσ1 + 2dσ2 uprise dσ2 + dω σ1 ∧ σ2 − ω ∧ d(σ1 ∧ σ2). (4.1)
Now let α, β ∈ ΓT ∗1 and γ, δ ∈ ΓT ∗2 such that
d1σ1 = ασ1 + βσ2 and d2σ2 = γσ1 + δσ2.
Remark 4.10. Obviously, in the case that  = 0, q1 and thus our lift σ2 of s2 may be chosen
arbitrarily. To simplify the following analysis, we will fix q1 by choosing a lift σ2 so that δ = 0.
Note that this choice is unique up to multiplication by a smooth function g such that d2g = 0.
Therefore, (4.1) is equivalent to
0 = −2α ∧ (σ1 ∧ d2σ1) + 22δ ∧ (σ2 ∧ d1σ2) + (22γ − ω2) ∧ (σ1 ∧ d1σ2) (4.2)
+ (−2β + ω1) ∧ (σ2 ∧ d2σ1) + (dω − ω1 ∧ δ − ω2 ∧ α)σ1 ∧ σ2.
Therefore, ηm is closed if and only if the following two conditions hold:
1. α = δ = 0, that is, d1σ1 ∈ ΓT ∗1 ⊗ s2 and d2σ2 ∈ ΓT ∗2 ⊗ s1.
2. ω = 2(β + 2γ) and ω is closed.
We will now show that these two conditions can be reformulated as conditions on q.
Lemma 4.11. q is divergence free with respect to the conformal structure c on TΣ if and only
if d1σ1 ∈ ΓT ∗1 ⊗ s2 and 2d2σ2 ∈ ΓT ∗2 ⊗ s1.
Proof. Let g be a representative metric of the conformal structure c and let ∇ denote the Levi-
Civita connection of g. Since T1, T2 are the maximally isotropic subbundles of this metric, we
have that ∇ZX ∈ ΓT1 and ∇ZY ∈ ΓT2 for any X ∈ ΓT1, Y ∈ ΓT2 and Z ∈ ΓTΣ.
Let Q ∈ ΓEnd(TΣ) such that
q(X,Y ) = g(X,Q(Y )).
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Since q ∈ Γ((T ∗1 )2 ⊕ (T ∗2 )2), we have that Q(T1) ≤ T2 and Q(T2) ≤ T1. Hence, Q is symmetric
and trace-free with respect to g. Now for X ∈ ΓT1 and Y ∈ ΓT2
dY (q(X,X)) = −2dY (dXσ2, dXσ2)
= −22(dY dXσ2, dXσ2)
= −22((dXdY σ2, dXσ2) + (d[Y,X]σ2, dXσ2)).
On the other hand, since ∇ is the Levi-Civita connection we have that
dY (q(X,X)) = dY (g(X,Q(X))) = g(∇YX,Q(X)) + g(X,∇YQ(X)).
Furthermore,
−2(d[Y,X]σ2, dXσ2) = q([Y,X], X) = g(Q[Y,X], X) = g(Q(∇YX−∇XY ), X) = g(Q(∇YX), X),
since Q(∇XY ) ∈ ΓT1. Therefore,
−22(dXdY σ2, dXσ2) = g(∇YQ(X)−Q(∇YX), X).
Therefore, since∇YQ(X)−Q(∇YX) ∈ ΓT2, −22(dXdY σ2, dXσ2) = 0 if and only if (∇YQ)(X) =
0. One can then check that −22(dXdY σ2, dXσ2) = 0 if and only if 2dY σ2 ∈ ΓT ∗2 ⊗ s1. Simi-
larly, one can show that (∇XQ)(Y ) = 0 if and only if dXσ1 ∈ ΓT ∗1 ⊗ s2. Therefore,
(d∇Q)(X,Y ) = (∇XQ)(Y )− (∇YQ)(X) = 0
if and only if 2d2σ2 ∈ ΓT ∗2 ⊗ s1 and d1σ1 ∈ ΓT ∗1 ⊗ s2. The result follows by applying Corol-
lary 2.29.
Recall that we defined the Darboux cubic form C ∈ ΓS3T ∗Σ⊗ (∧2f)∗ as
C(X,Y, Z)σ ∧ ν = (DXDY σ,NZν)− (DXDY ν,NZσ),
where σ, ν ∈ Γf and X,Y, Z ∈ ΓTΣ. Thus, in terms of our special lifts σ1 and σ2 of the
curvature spheres we have that
C(X,Y, Z)σ1 ∧ σ2 = −γ(Z)(dY σ1, dXσ1) + β(Z)(dY σ2, dXσ2)
= −γ(Z)q2(X,Y ) + β(Z)q1(X,Y )
Therefore, from the Darboux cubic form C, q determines a one form Cq: let X ∈ ΓT1, Y ∈ ΓT2
such that
q1(X,X) = q2(Y, Y ) = 1.
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Let
Cq := (C(X,X, .)− 2C(Y, Y, .))σ1 ∧ σ2.
Then Cq = β + 2γ and therefore condition 2 is equivalent to
dCq = 0.
Remark 4.12. In the case that  = 0, X and thus Cq are determined by our choice of lift of s2
in Remark 4.10. A different choice of such a lift scales Cq by a function g satisfying d2g = 0.
Therefore, the closure of Cq is not affected by this choice.
We have thus arrived at the following theorem:
Theorem 4.13. f is an Ω-surface (Ω0-surface) if and only if there exists a non-zero divergence
free, non-degenerate (degenerate) quadratic differential (with respect to the conformal structure
c induced by f) q satisfying
dCq = 0.
Remark 4.14. Condition 2 also tells us that the middle connection is given by
ηm = σ1 ∧ ?dσ1 + 2σ2 ∧ ?dσ2,
where ? is the hodge star operator induced by the conformal structure c.
4.2.1 Demoulin’s equation
Suppose that q, p ∈ R4,2 define a space form vector and point sphere complex for a space form
Q3. Let f ∈ Γf be the projection of f into Q3 and let t ∈ Γf be the corresponding tangent
plane congruence. Then
t + κ1f and t + κ2f
are lifts of the curvature spheres s1 and s2, respectively, where κ1 and κ2 are the principal
curvatures of f. Suppose that q is a non-zero divergence free quadratic differential form. Now
there exists smooth functions λ and µ such that
σ1 := λ(t + κ1f) and σ2 := µ(t + κ2f)
are lifts of the curvature spheres such that
q = −2(dσ2, dσ2) + (dσ1, dσ1),
where  ∈ {0, 1, i}. Since q is divergence free, we may choose curvature line coordinates (u, v)
such that q = −2du2 + dv2. Let X := ∂∂u and Y := ∂∂v and define
E := (dX f, dX f) and G := (dY f, dY f).
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Then
µ2(κ1 − κ2)2E = (dXσ2, dXσ2) = 1 = (dY σ1, dY σ1) = λ2(κ1 − κ2)2G. (4.3)
We also have that
d1σ1 = βσ2 and d2σ2 = γσ2.
Therefore,
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Now using (4.3) one can determine that
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In terms of arbitrary curvature line coordinates (u, v), we then have that q = −2U2du2+V 2dv2
























where U is a function of u and V is a function of v and E and G are the coefficients of the first
fundamental form of f with respect to (u, v). Therefore, by Theorem 4.13, f is an Ω-/Ω0-surface
if and only if (4.4) is satisfied for some functions U and V , i.e., f is an Ω-/Ω0-surface in the
sense of Demoulin [36].
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4.2.2 Isothermic sphere congruences
In this subsection we will recall from [11, 50] the definition of isothermic sphere congruences
and show that Ω-surfaces are the surfaces that envelop a pair of isothermic sphere congruences
that separate the curvature spheres harmonically. Furthermore, we shall show that Ω0-surfaces
are the surfaces with a curvature sphere congruence that is isothermic.
Definition 4.15 ([11, 50]). We say that a sphere congruence s : Σ → P(L) is isothermic if
there exists a non-zero closed one form η ∈ Ω1(s ∧ s⊥).
By Remark 4.14, if f is Lie-applicable with quadratic differential q and σ1 and σ2 are special
lifts of the curvature spheres such that
q = −2(dσ2, dσ2) + (dσ1, dσ1),
then the middle connection associated to q is given by
ηm = σ1 ∧ ?dσ1 + 2σ2 ∧ ?dσ2.
We may then gauge ηm by ±σ1 ∧ σ2 to obtain
η± := ηm ± d(σ1 ∧ σ2) = (σ1 ± σ2) ∧ ?d(σ1 ± σ2) ∈ Ω1(s± ∧ (s±)⊥), (4.5)
where s± := 〈σ1 ± σ2〉. Thus, s± are isothermic sphere congruences. In the case that  6= 0,
s± are distinct and separate the curvature spheres harmonically. In the case that f is an Ω0-
surface, i.e.,  = 0, we have that s1 is an isothermic curvature sphere congruence and in fact
the middle connection lies in Ω1(s1 ∧ s⊥1 ).
Theorem 4.16. If f is an Ω-surface then f envelops two isothermic sphere congruences that
separate the curvature spheres harmonically. Furthermore, if q is positive definite then these
sphere congruences are complex conjugate and if q is indefinite then they are real.
If f is an Ω0-surface then f has a curvature sphere congruence that is isothermic.
Remark 4.17. Notice that ηm = 12 (η
+ + η−). This is our justification for calling ηm the
middle connection.
Lemma 4.18. Let s ≤ f and suppose that there exists η ∈ [ηm] such that at a point p ∈ Σ
ηp ∈ T ∗pΣ⊗ (s(p) ∧ f(p)⊥).
Then s coincides with one of the isothermic sphere congruences enveloped by f at p.
Proof. Since η ∈ [ηm], there exists a smooth function λ such that
η = ηm + d(λσ1 ∧ σ2).
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Now using that
ηm = σ1 ∧ ?dσ1 + 2σ2 ∧ ?dσ2
we have that
η = −σ1 ∧ (λd1σ2 − d2σ1) + σ2 ∧ (2d1σ2 − λd2σ1)modΩ1(∧2f).
Since d1σ2 and d2σ1 are linearly independent, η nowhere takes values in s2∧f⊥, for all smooth
functions λ. Therefore, let σ(p) = σ1(p) + µσ2(p) be a lift of s(p). Then
ηp ∈ T ∗pΣ⊗ (s(p) ∧ f(p)⊥)
if and only if
µ(λ(p)d1σ2 − d2σ1) = 2d1σ2 − λ(p)d2σ1.
Since d1σ2 and d2σ1 are linearly independent at p, this is equivalent to
µ = λ(p) and λ(p)2 = 2.
Thus, σ(p) = σ1(p)± σ2(p) ∈ s±(p).
The ∆q operator
Suppose that  6= 0 and let X ∈ ΓT1 and Y ∈ ΓT2 such that
q(X,X) = −2 and q2(Y, Y ) = 1.
Then we define an operator
∆q := dXdX − 2dY dY .
Using ∆q we define a map ζq : f ⊗ f → R by
ζq(ν, ξ) = (∆qν, ξ).
Lemma 4.19. ζq is a symmetric tensor.
Proof. The tensorial nature of ζq follows from the fact that ∆q(λν) = λ∆qν mod f
⊥ for ν ∈ Γf
and a smooth function λ. The symmetry of ζq follows from
(dZdZν, ξ) = −(dZν, dZξ) = (ν, dZdZξ),
for any Z ∈ ΓTΣ, since f (1) = f⊥.
Proposition 4.20. Let s ≤ f . Then ζq(s(p), s(p)) = 0 if and only if s coincides with one of
the isothermic sphere congruences at p.
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Proof. Let σ1 and σ2 be the special lifts of the curvature spheres s1 and s2, respectively, such
that
q1 = (dσ2, dσ2) and q2 = (dσ1, dσ1).
Since s1 and s2 are curvature spheres, we have that
∆qσ1 = −2dY dY σ1mod f⊥ and ∆qσ2 = dXdXσ2mod f⊥.
Let σ ∈ Γs and let α and β be smooth functions such that σ = ασ1 + βσ2. Then
ζq(σ, σ) = β
2(dXdXσ2, σ2)− 2α2(dY dY σ1, σ1) = β2 − 2α2.
Thus, ζq(σ, σ) = 0 if and only if β = ±α, which holds if and only if σ ∈ Γs±. By Lemma 4.19,
ζq is tensorial, thus this is a pointwise condition.
Remark 4.21. ∆q and ζq will be useful later in the study of Darboux transformations.
Christoffel dual lifts
Suppose that  6= 0. Now Cq is closed, so there exists non-zero functions ξ± (unique up to
constant scaling) such that
dξ± = ∓−1Cqξ±.
We have that ξ+ξ− is constant and, without loss of generality, we will assume that ξ+ξ− = −1.
We then define lifts (unique up to reciprocal rescaling by a constant) σ± of the isothermic
sphere congruences s±, called Christoffel dual lifts of s±, by
σ± := ξ±(σ1 ± σ2).
Proposition 4.22. The isothermic connections are given by
d+ tη± = exp(tτ±) · (d+ tηm) (4.6)
where τ = ± 12σ+ ∧ σ−. Furthermore, η± = σ± ∧ dσ∓ and dσ+ uprise dσ− = 0.
Proof. By (4.5), we have that
η± = ηm ± d(σ1 ∧ σ2) = ηm ∓ d( 12σ+ ∧ σ−).
Then (4.6) follows by Proposition 3.48. From (4.5) we can also deduce that
η+ = (σ1 + σ2) ∧ ?d(σ1 + σ2) = −(σ1 + σ2) ∧ d(σ1 − σ2)− 2Cqσ1 ∧ σ2.
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On the other hand,
σ+ ∧ dσ− = ξ+ξ−(σ1 + σ2) ∧ d(σ1 − σ2) + ξ+dξ−(σ1 + σ2) ∧ (σ1 − σ2)
= −(σ1 + σ2) ∧ d(σ1 − σ2) + 2ξ+ξ−Cqσ1 ∧ σ2
= −(σ1 + σ2) ∧ d(σ1 − σ2)− 2Cqσ1 ∧ σ2.
Hence, η+ = σ+ ∧ dσ−. Similarly, one can check that η− = σ− ∧ dσ+. The fact that
dσ+ uprise dσ− = 0
follows from the closedness of η+ (or η−).
Remark 4.23. We may also characterise Christoffel dual lifts in another way: let V ± be the
central sphere congruences of s±, i.e.,
V ± = (s±)(1) ⊕ 〈∆(σ1 ± σ2)〉.
This yields splittings of R4,2 = V ±⊕(V ±)⊥ and thus induces splittings of the trivial connection.
One can easily check that s∓ ≤ (V ±)⊥ and furthermore the Christoffel lifts σ∓ are parallel
sections of the aforementioned induced connections.
4.3 Associate surfaces
Let us recall the definition of O-surfaces given in [65]: suppose that ν1, ..., νn : Σ → R3 are
Combescure transformations1 of each other and let the subbundles T1, T2 ≤ TΣ denote the
induced curvature subbundles on TΣ. Let κi1 and κ
i
2 denote the principal curvatures of ν
i
along T1 and T2, respectively, and define row vectors
Kj := (1/κ
1
j , ..., 1/κ
n
j ),
for j ∈ {1, 2}. Then we say that {ν1, ..., νn} is a system of O-surfaces if there exists a constant




In this section we shall see how a system of O-surfaces arises from an Ω-surface.
In [34], Demoulin defines an associate surface of an Ω-surface: suppose that ν : Σ → R3 is
an Ω-surface and in terms of curvature line coordinates (u, v) the third fundamental form of ν
is given by III = p2du2 + r2dv2. Then there exists a Combescure transformation νD : Σ→ R3
1That is, the curvature directions of νi are parallel to the curvature directions of νj for all i, j ∈ {1, ..., n}.
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2 denote the principal curvatures
of νD and  ∈ {1, i}. Conversely, if two surfaces are in such a relation then they are Ω-surfaces.
Suppose that f : Σ→ Z is an Ω-surface. Then there exists a closed one-form η ∈ Ω1(f∧f⊥)
such that the quadratic differential associated to η is non-degenerate. Let q∞ and p be a space
form vector and point sphere complex with |q∞|2 = 0, i.e.,
Q3 := {y ∈ L : (y, q∞) = −1, (y, p) = 0}
has sectional curvature κ = 0. Then we may choose a null vector q0 ∈ 〈p〉⊥ such that (q0, q∞) =
−1. Thus 〈q∞, p, q0〉⊥ ∼= R3 and we have an isometry
φ : 〈q∞, p, q0〉⊥ → Q3, x 7→ x+ q0 + 1
2
(x, x)q∞.
We can use this to identify f := f ∩Q3 with ν : Σ→ R3. We then have that df = dν+(dν, ν)q∞
and t = n+ (n, ν)q∞ + p.
Now (ηp, q∞) is a closed one-form, so there exists (up to addition of a constant) λ : Σ→ R
such that dλ = (ηp, q∞). Then we may gauge η by τ := −λf ∧ t to obtain η˜ with (η˜p, q∞) = 0.
Therefore, we shall assume that (ηp, q∞) = 0. From this we can deduce that η is of the form
η = f ∧ df ◦A+ t ∧ dt ◦B,
for some A,B ∈ End(TΣ). The closure of η implies that ηq∞ = −df ◦A and ηp = −dt ◦B are
closed and that
dfuprise df ◦A+ dtuprise dt ◦B = 0. (4.8)
The closure of df ◦A implies that dν ◦A is closed. Furthermore, by Lemma 3.34, we have that
η(Ti) ≤ f ∧ fi and thus
A ∈ Γ(T ∗1 ⊗ T1 ⊕ T ∗2 ⊗ T2).
Therefore, locally there exists νD : Σ → R3 such that dνD = dν ◦ A and νD has parallel
parallel curvature directions to ν. Similarly there exists νˆ : Σ→ R3 such that dνˆ = dn ◦B and
B ∈ Γ(T ∗1 ⊗ T1 ⊕ T ∗2 ⊗ T2). Thus, νˆ also has parallel parallel curvature directions to ν. From











Conversely, given Combescure transformations νD and νˆ of ν such that (4.9) is satisfied we
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may define a closed one form
η = f ∧ (dνD + (dνD, ν)q∞) + t ∧ (dνˆ + (dνˆ, ν)q∞).
Theorem 4.24. ν is an Ω-surface if and only if there exists an associate surface νD and
an associate Gauss map νˆ that are Combescure transformations of ν such that the principal
curvatures of ν, νD and νˆ satisfy (4.9).
Remark 4.25. We shall assume that νD and νˆ are oriented so that the Gauss map of these
surfaces is −n.
Remark 4.26. In Theorem 4.24, we allow νD and νˆ to degenerate to be points. In which case
we consider their principal radii of curvature to be zero. We shall see in Subsection 6.3.1 that νˆ
degenerating to a point is a characterisation of isothermic surfaces, in which case νD becomes
the Christoffel transform of ν. We will also see in Subsection 6.3.3 that νD degenerating to a
point is a characterisation of L-isothermic surfaces in which case νˆ becomes a minimal surface.
Remark 4.27. The addition of a constant c to λ sends
νD 7→ νD + cn and νˆ 7→ νˆ − cν.
Thus we get a parallel surface to νD. The behaviour of νˆ under this change is our motivation
for calling νˆ an associate Gauss map.
Remark 4.28. If we let
S =

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

then one can see that condition (4.9) shows that {ν, νD, νˆ, n} is a system of O-surfaces, where
we consider the Gauss map n to be oriented so that its principal curvatures are both −1.
We also have that the quadratic form of η is given by
q = −(dν, dνD)− (dn, dνˆ).
On the other hand, in terms of curvature line coordinates (u, v), we have that
q = −2U2du2 + V 2dv2,




































Then substituting this into (4.9) yields (4.7). Hence, νD is an associate surface of ν, in the
sense of [34].
We may write η as
η = Adexp(ν∧q∞)(q0 ∧ dνD + l ∧ dνˆ),
where l := n+ p. By the symmetry of equation (4.9), νD is an Ω-surface with closed one-form
ηD := Adexp(νD∧q∞)(q0 ∧ dν − lD ∧ dνˆ),
where lD := −n+ p. Furthermore, the quadratic differential qD defined by ηD agrees with q.
Theorem 4.29. An associate surface of an Ω-surface is itself an Ω-surface.
Remark 4.30. In [34], Demoulin used the Christoffel transform of isothermic surfaces in R3,1
to derive the associate surface. This leads the author to believe that the associate surface is a




One of the main motivations for studying Ω- and Ω0-surfaces is their rich transformation
theory. In [38, 39], Eisenhart developed a transformation for Ω-surfaces, analogous to the
Darboux transformation for isothermic surfaces. In [28], Clarke gave a modern treatment of
the transformation theory of Lie applicable surfaces. In a similar way to isothermic surfaces,
[8, 11, 18, 50, 64], the richness of this theory follows from the flatness of a one-parameter family
of connections. In this chapter we shall review and expand on this theory.
Remark 5.1. It should be remarked that the transformation theory presented here is intimately
linked with loop group methods. In [70], Terng and Uhlenbeck used loop groups to explain the
existence of Ba¨cklund transforms of soliton equations. This theory is generalised in [69] and
in [28, Section 1.1.3] Clarke discusses how this relates to the transformation theory of Lie
applicable surfaces. However, we shall not expand on this link any further here.
Let Z denote the space of lines in Rs,t and suppose that f : Σ→ Z is an applicable Legendre
map. Then by Corollary 3.45, there exists a non-trivial closed one form η ∈ Ω1(f ∧ f⊥) whose
quadratic differential q is non-zero. Recall that by Proposition 3.47 we have that {dt :=
d+ tη}t∈R is a one-parameter family of flat metric connections and, by Proposition 3.48, if η˜ is
in the gauge-orbit of η, i.e., there exists τ ∈ Γ(∧2f) such that η˜ = η − dτ , then
d+ tη˜ = exp(tτ) · (d+ tη). (5.1)
5.1 Calapso transforms
Remark 5.2. It should be noted that this transformation is commonly referred to as the spectral
deformation.
Since dt is a flat metric connection for each t ∈ R, there exist local trivialising orthogonal
gauge transformations of dt, that is T (t) : Σ→ O(s, t) such that
T (t) · dt = d.
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Definition 5.3. (f t)t∈R, where f t := T (t)f , are called the Calapso transforms of f .
Lemma 5.4. The Calapso transforms are invariant under gauge transformation.
Proof. It follows from (5.1) that the local trivialising orthogonal gauge transformations for
d+ tη˜ are T˜ (t) = T (t) exp(−tτ). Thus, T˜ (t)f = T (t)f .
Lemma 5.5. The Calapso transforms are Legendre maps and st := T (t)s is a curvature sphere
of f t if and only if s is a curvature sphere of f . Furthermore, the corresponding curvature
subbundles coincide.
Proof. Let σt := T (t)σ be a section of f t. Then
dσt = d(T (t)σ) = T (t)dtσ = T (t)dσ, (5.2)
since ησ = 0. Then as dσ ∈ Ω1(f⊥) and T (t) takes values in O(s, t) we have that dσt ∈
Ω1((f t)⊥). Hence, the contact condition holds for f t. Furthermore, for Xp ∈ TpΣ, it follows
from (5.2) that dXpσ
t ∈ f t(p) if and only if dXpσ ∈ f(p). Therefore, since the immersion
condition holds for f , it holds for f t as well. Moreover, we can deduce that Xp is a curvature
direction of a curvature sphere st := T (t)s if and only if Xp is a curvature direction of s.
Remark 5.6. From Lemma 5.5 we can deduce that f t has an umbilic at p ∈ Σ if and only if
f has an umbilic at p.
Theorem 5.7. ηt := AdT (t) · η is a closed one form with values in Ω1(f t ∧ (f t)⊥) with qt = q.
Hence, f t is a Lie applicable surface.
Proof. The closedness of ηt follows from
dηt = (T (t) · dt)AdT (t) · η = T (t) · dtη = T (t) · (dη + t[η ∧ η]) = 0.
Furthermore, for σt := T (t)σ
ηt(X)dY σ
t = (AdT (t)η(X))(T (t) · (d+ tη)(Y ))σt = T (t)η(X)dY σ.
Thus,
qt(X,Y ) = tr(σt 7→ ηt(X)dY σt)
coincides with q(X,Y ) for all X,Y ∈ ΓTΣ.
We will now see how the one parameter family of flat connections of a Calapso transform
are related to those of the original surface:
Proposition 5.8. For any s ∈ R,
d+ sηt = T (t) · (d+ (s+ t)η).
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Therefore the local trivialising orthogonal gauge transformations of d+ sηt are
T t(s) = T (s+ t)T−1(t).
Proof. Using Theorem 5.7, we have that
d+ sηt = d+ sAdT (t) · η = T (t) · (T−1(t) · d+ sη) = T (t) · (d+ (s+ t)η).
From Proposition 5.8 we can quickly deduce a result of [15], which is the analogue of
the permutability result of Hertrich-Jeromin [50, Subsection 5.5.9] for Calapso transforms of
isothermic surfaces:
Corollary 5.9.
T t(s)T (t) = T (s+ t).
Now we restrict our attention to R4,2 and consider the case where f has exactly two curvature
spheres s1 and s2. Then by Lemma 5.5, f
t has exactly two curvature sphere st1 = T (t)s1 and
st2 = T (t)s2. Furthermore the curvature subbundles T1 and T2 of these curvature spheres are
preserved. Suppose now that ηm is the middle connection and (T (t))t∈R are the corresponding
gauge transformations.
Lemma 5.10. The Lie cyclides of f t are given by
St1 = T (t)S1 and S
t
2 = T (t)S2.
Hence, the induced splitting of the trivial connection d = Dt +N t satisfies
Dt = T (t) · D and N t = T (t) · N .
Proof. Let Y ∈ ΓT2 and σt1 = T (t)σ1 be a lift of the curvature sphere st1. Then
dY σ
t
1 = dY (T (t)σ1) = (T (t) · dtY )T (t)σ1 = T (t)(dtY σ1) = T (t)dY σ1,
since ηmf = 0. Thus, dσt1(T2) = T (t)dσ1(T2). Furthermore,
dY dY σ
t
1 = dY dY (T (t)σ1) = (T (t) · dtY )(T (t)dY σ1) = T (t)dtY dY σ1.




1 ⊕ dσt1(T2)⊕ 〈dY dY σt1〉 = T (t)S1.
Similarly, St2 = T (t)S2.
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Since the curvature subbundles T1 and T2 are preserved, we have that the conformal struc-
ture of Subsection 2.5.1 is preserved. In fact, since N t = T (t) · N , it is clear from (2.2) that a
stronger statement is true:
Corollary 5.11. The Lie-invariant metric is preserved by Calapso transform.
Furthermore, one can deduce from Lemma 5.10 how the Darboux cubic form of Subsec-
tion 2.5.2 behaves:
Corollary 5.12. The Darboux cubic form Ct ∈ ΓS3TΣ⊗ (∧2f t)∗ of f t satisfies
Ct ◦ T (t) = C, (5.3)
that is, for τ ∈ Γ(∧2f) and X,Y, Z ∈ ΓTΣ,
Ct(X,Y, Z)(T (t) · τ) = C(X,Y, Z)τ.
Proof. By Lemma 5.10,
Dt = T (t) · D and N t = T (t) · N .
The result then follows by observing that for ν, ξ ∈ Γf and X,Y, Z ∈ ΓTΣ
(DtXDtY (T (t)ν),N tZ(T (t)ξ)) = ((T (t) · DX)(T (t) · DY )T (t)ν, (T (t) · NZ)T (t)ξ)
= (T (t)DXDY ν, T (t)NZξ)
= (DXDY ν,NZξ),
by the orthogonality of T (t).
Remark 5.13. Since T (t)f is independent of gauge η, (5.3) holds for the gauge transformations
of any choice of gauge potential η in the orbit of ηm.
Remark 5.14. Corollaries 5.11 and 5.12 should come as no surprise as Blaschke showed in [3]
that the only surfaces that are not determined by the Lie-invariant metric and Darboux cubic
form are the Lie-applicable surfaces.
Corollary 5.15. The middle connection of f t is (ηt)m = AdT (t) · ηm.
Proof. In Section 4.1 we had a splitting o(4, 2) = h + m induced by f , where
h = S1 ∧ S1 ⊕ S2 ∧ S2 and m = S1 ∧ S2.
By Lemma 5.10, f t induces the splitting o(s, t) = ht + mt, where
ht = T (t) · h and mt = T (t) ·m.
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We may then split ηm = ηh + ηm, where ηh ∈ Ω1(h) and ηm ∈ Ω1(m). Now splitting (ηt)m =
AdT (t) · ηm with respect to the splitting induced by f t yields (ηt)m = ηtht + ηtmt with
ηtht = AdT (t) · ηh and ηtmt = AdT (t) · ηm.
Since ηm is the middle connection, ηm ∈ Ω1(f ∧ f). Hence,
ηtmt = AdT (t) · ηm ∈ Ω1(f t ∧ f t).
Therefore (ηt)m is the middle connection of f t.
Proposition 5.16. Suppose that s is an isothermic sphere congruence of f with isothermic
gauge potential ηs ∈ Ω1(s ∧ s⊥). Then st := T (t)s is an isothermic sphere congruence of f t
with isothermic gauge potential (ηt)s := AdT (t) · ηs.
Proof. From the orthogonality of T (t) we have
T (t) · s ∧ s⊥ = st ∧ (st)⊥.
Hence, (ηt)s ∈ Ω1(st ∧ (st)⊥) and st is isothermic.
Remark 5.17. st is in fact the Calapso transform of the isothermic sphere congruence s,
see [11, 50].
5.2 Darboux transforms
Fix m ∈ R×. Since dm is a flat connection, it has many parallel sections. Suppose that sˆ is
a null rank one parallel subbundle of dm such that sˆ is nowhere orthogonal to the curvature
sphere congruences of f . Let s0 := sˆ
⊥ ∩ f and let fˆ := s0 ⊕ sˆ.
Definition 5.18. fˆ is a Darboux transform of f with parameter m.
We will now show that fˆ is applicable.
Lemma 5.19. For any section σ0 ∈ Γs0 and any parallel section σˆ ∈ Γsˆ of dm
dσ0, dσˆ ∈ Ω1((f + fˆ)⊥).
Proof. Let σ0 ∈ Γs0. Then as f is a Legendre map we have that dσ0 ∈ Ω1(f⊥). Now if σˆ ∈ Γsˆ is
a parallel section of dm then dσˆ = −mησˆ ∈ Ω1(f⊥). Furthermore, since sˆ is null, dσˆ ∈ Ω1(sˆ⊥).
Thus,
dσˆ ∈ Ω1((f + fˆ)⊥).
Finally, since (σ0, σˆ) = 0, by the Leibniz rule we have
(dσ0, σˆ) = −(σ0, dσˆ) = 0.
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Thus,
dσ0 ∈ Ω1((f + fˆ)⊥).
Lemma 5.20. fˆ is a Legendre map.
Proof. By Lemma 5.19 fˆ satisfies the contact condition. It remains to check the immersion
condition of fˆ : let p ∈ Σ and suppose that there exists X ∈ TpΣ such that dXσ0 ∈ fˆ(p) for
some lift σ0 ∈ Γs0. Then as dσ0 ∈ Ω1((f + fˆ)⊥), we have that dXσ0 ∈ s0(p). Then it follows
from the fact that s0 is nowhere a curvature sphere of f that X = 0.
Recall from Section 2.7 that we defined Ribaucour transforms of Legendre maps.
Lemma 5.21. fˆ is a Ribaucour transform of f .
Proof. By Lemma 5.19, for a parallel section σˆ ∈ Γsˆ of dm,
dσˆ ∈ Ω1((f + fˆ)⊥).
Therefore, σˆ mod s0 is a parallel section of the induced connection on (f + fˆ)/s0. Hence, this
connection is flat.
Suppose that s ≤ f is a rank one subbundle of f such that s∩s0 = {0} and define l := s⊕ sˆ.
Then l defines a (1, 1)-subbundle of Rs,t and we have the following splitting of Rs,t:
Rs,t = l ⊕ l⊥.
We can then use this splitting to split the trivial connection d on Rs,t into
d = Dl,l⊥ +N l,l⊥ ,
where Dl,l⊥ is the sum of the induced connections Dl and Dl⊥ on l and l⊥, respectively, and
N l,l⊥ ∈ Ω1(l ∧ l⊥). By Corollary 2.38, Dl is a flat connection on l and if σˆ is a parallel section
of dm, then σˆ is a parallel section of Dl. We may further split N l,l⊥ = −β − βˆ where
β ∈ Ω1(sˆ ∧ l⊥) and βˆ ∈ Ω1(s ∧ l⊥).
Moreover we may use our splitting to split η = η0 + ηs, where
η0 ∈ Ω1(s0 ∧ l⊥) and ηs ∈ Ω1(s ∧ l⊥).





t v for u = v,
1
t w for u = w,
u for u ∈ 〈v, w〉⊥.
We are now in a position to state the following proposition:
Proposition 5.22. There exists a closed one-form ηˆ ∈ Ω1(fˆ ∧ fˆ⊥) such that
d+ tηˆ = Γsˆs(1− t/m) · (d+ tη).
Furthermore, s is a parallel subbundle of d+mηˆ and the quadratic differential qˆ of ηˆ coincides
with q.
Proof. The first part of this theorem was proved by Clarke [28, Theorem 4.3.7] and is analogous
to [11, Proposition 3.11]. For the purpose of proving the latter part of this theorem, we shall
repeat the arguments of those proofs here.
Firstly, for a parallel section σˆ ∈ Γsˆ of dm, we have that dσˆ = −mησˆ. Therefore −βˆσˆ =
−mηsσˆ. This implies that βˆ = mηs. Now we may write
d+ tη = Dl,l⊥ − β − βˆ + tη0 + tηs.
Therefore,
Γsˆs(1− t/m) · (d+ tη) = Γsˆs(1− t/m) · Dl,l
⊥
+AdΓsˆs(1−t/m) · (−β − (1− t/m)βˆ + tη0)
= Dl,l⊥ − (1− t/m)β − (1− t/m)/(1− t/m)βˆ + tη0
= Dl,l⊥ − βˆ − β + t(η0 + (1/m)β).
Then letting ηsˆ := (1/m)β and ηˆ := η0 + ηsˆ ∈ Ω1(fˆ ∧ fˆ⊥), we have that
d+ tηˆ = Γsˆs(1− t/m) · (d+ tη).
Since d + tη is a one-parameter family of flat connections, we must have that d + tηˆ is a
one-parameter family of flat connections. The curvature of this family is given by




Thus, ηˆ is closed and [ηˆ ∧ ηˆ] = 0.
Suppose that σ ∈ Γs is a parallel section of Dl. Then dσ = −βσ and
(d+mηˆ)σ = −βσ +m(1/m)βσ = 0.
Hence, s is a parallel subbundle of d+mηˆ.
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We shall now show that the quadratic forms of ηˆ and η coincide: let σ0 ∈ Γs0 and assume
that (σ, σˆ) = −1. Now, {σ0, σ} is a basis for f and {σ0, σˆ} is a basis for fˆ . Since ηˆ = η0 + ηsˆ
and η = η0 + ηs, we have for X,Y ∈ ΓTΣ,
[ηˆ(X)dY σ0]s0 = [η0(X)dY σ0]s0 = [η(X)dY σ0]s0 .
Therefore, with respect to our bases defined above, the s0 component of ηˆ(X)dY σ0 coincides
with the s0 component of η(X)dY σ0. Furthermore, the sˆ component of ηˆ(X)dY σˆ is given by
−(ηˆ(X)dY σˆ, σ) = (1/m)(β(X)βˆ(Y )σˆ, σ) = (1/m)(σˆ, βˆ(Y )β(X)σ) = −(σˆ, η(Y )dXσ),
by the skew-symmetry of β and βˆ. Therefore, the sˆ component of ηˆ(X)dY σˆ coincides with the
s component of η(X)dY σ. It follows then that
q(X,Y ) = tr(ν 7→ η(X)dY ν) and qˆ(X,Y ) = tr(νˆ 7→ ηˆ(X)dY νˆ)
are equivalent.
As a corollary to Proposition 5.22 we have the following theorem:
Theorem 5.23. fˆ is an applicable hypersurface and f is a Darboux transform of fˆ with pa-
rameter m.
An obvious question to ask is what happens if we use a different gauge η˜ = η−dτ to compute
our Darboux transforms.
Lemma 5.24. exp(mτ)sˆ ≤ fˆ is a parallel subbundle of d+mη˜.
Proof. One can easily check that exp(mτ)sˆ ≤ fˆ and by (5.1) this is a parallel subbundle of
d+mη˜.
Remark 5.25. Lemma 5.24 shows that Darboux transforms are invariant of gauge transfor-
mation.
Now suppose that l˜ is a general rank 2 subbundle of f + fˆ such that s0 ∩ l˜ = {0}. Let
sl˜ := f ∩ l˜ and sˆl˜ := fˆ ∩ l˜. Then Clarke showed in [28] that there exists τl˜ ∈ Γ(∧2f) and
τˆl˜ ∈ Γ(∧2fˆ) such that
sˆl˜ = exp(mτl˜)sˆ and sl˜ = exp(mτˆl˜)s
and thus sˆl˜ is a parallel section of d+mηl˜ and sl˜ is a parallel section of d+mηˆl˜ where ηl˜ = η−dτl˜
and ηˆl˜ = ηˆ − dτˆl˜. We therefore have the following proposition:
Proposition 5.26. Suppose that fˆ is a Darboux transform of f with parameter m and let
l be any rank one subbundle of f + fˆ with l ∩ s0 = {0}. Then there exist gauge potentials
η ∈ Ω1(f ∧ f⊥) and ηˆ ∈ Ω1(fˆ ∧ fˆ⊥) such that s := f ∩ l is a parallel subbundle of d+mηˆ and
sˆ := fˆ ∩ l is a parallel subbundle of d+mη.
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5.2.1 The enveloping sphere congruence
Suppose that (s, t) = (4, 2). In this subsection we will show that the nature of the enveloping
sphere congruence s0 determines when umbilics appear on a Darboux transform. Furthermore
we will see how we can determine the middle connection of a Darboux transform. Suppose that
f is an umbilic-free Lie applicable surface.
Proposition 5.27. fˆ has an umbilic at a point p ∈ Σ if and only if s0 coincides with one of
the isothermic sphere congruences at p.
Proof. Suppose that s0 coincides with an isothermic sphere congruence s ≤ f at p. By
Lemma 5.24, there exists a parallel section σˆ ∈ Γfˆ of d + mη, where η ∈ Ω1(s ∧ f⊥) is
the isothermic gauge potential associated to s. Since s0 coincides with s at p, we have that
σˆ(p) ∈ s(p)⊥. Then
(dσˆ)p = −mηpσˆ(p) ∈ s0(p).
Therefore, fˆ is umbilic at p.
Conversely, suppose that fˆ is umbilic at p. Then there exists sˆ ≤ fˆ such that (dσˆ)p ∈
TpΣ⊗ fˆ(p) for all σˆ ∈ Γsˆ. Since we assumed that s0 is never a curvature sphere we have that
sˆ∩ s0 = {0}. Now we may choose η ∈ Ω1(f ∧ f⊥) such that sˆ is a parallel subbundle of d+mη.
Let σˆ ∈ Γsˆ be a parallel section of d+mη. Then at p
mηpσˆ(p) = −(dσˆ)p ∈ TpΣ⊗ fˆ(p).
Moreover, since η ∈ Ω1(f ∧ f⊥), ηpσˆ(p) takes values in f(p)⊥. Thus, ηpσˆ(p) takes values in
s0 = fˆ ∩ f⊥. Now for some complementary sphere congruence s ≤ f to s0, we may write
η = σ0 ∧ ω0 + σ ∧ ω,
where ω0, ω ∈ Ω1(f⊥), σ0 ∈ Γs0 and σ ∈ Γs. Thus
ηpσˆ(p) = (σ(p), σˆ(p))ωp mod T
∗
pΣ⊗ f.
Since s is complementary to s0, we must have that (σ(p), σˆ(p)) is non-zero and thus ωp ∈
TpΣ⊗ f . Therefore, ηp ∈ TpΣ⊗ (s0(p) ∧ f(p)⊥). Hence, by Lemma 4.18, s0 coincides with an
isothermic sphere congruence at p.
Now assume that f is an Ω-surface. Recall in Subsection 4.2.2 that we defined ∆q and
ζp ∈ ΓS2f∗ associated to a Lie applicable surface. Using Proposition 4.20 we obtain the
following corollary:
Corollary 5.28. fˆ is umbilic at p if and only if ζq(s0(p), s0(p)) = 0.
Now suppose that fˆ is umbilic-free. Then by Corollary 5.28, ζq(s0, s0) is nowhere zero,
i.e., (∆qσ0) ∩ s⊥0 = {0} for any lift σ0 of s0. We may then define a sphere congruence, i.e., a
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subbundle of R4,2 with signature (3, 1),
Vq := s0 ⊕ dσ0(TΣ)⊕ 〈∆qσ0〉.
Recall in Definition 2.40 that we defined the enveloping point s∞ in the plane f + fˆ of two
Ribaucour transforms as the unique point in f+ fˆ satisfying s
(1)
∞ ≤ f+ fˆ . Taking lines between
the corresponding curvature spheres of f and fˆ , we obtain s∞ as the intersection of these two
lines.
Proposition 5.29. Let ηm denote the middle connection of f and ηˆm the middle connection
of fˆ . Then V ⊥q = s⊕ sˆ where s ≤ f is a parallel subbundle of d+mηm and sˆ ≤ fˆ is a parallel
subbundle of d+mηm. Furthermore, s∞ ≤ V ⊥q .
To prove Proposition 5.29 we shall use the following lemma:
Lemma 5.30. Suppose that ηm is the middle connection. Let τ ∈ Γ(∧2f). Then,
ηm(X)dXτ − 2ηm(Y )dY τ = −2τ,
where X ∈ ΓT1, Y ∈ ΓT2 such that
q(X,X) = −2 and q(Y, Y ) = 1.
Proof. Let σ1 ∈ Γs1, σ2 ∈ Γs2 be the special lifts of the curvature spheres such that
q = −2(dσ2, dσ2) + (dσ1, dσ1)
and let τ = σ1 ∧ σ2 ∈ Γ ∧2 f . Recall from Remark 4.14 that the middle connection is given by
ηm = σ1 ∧ ?dσ1 + 2σ2 ∧ ?dσ2.
Thus, for v ∈ ΓR4,2,
(ηm(X)dXτ)v = (
2σ2 ∧ dXσ2)(σ1 ∧ dXσ2)v
= −2(dXσ2, dXσ2)(σ1, v)σ2
= −2(σ1, v)σ2.
Similarly, (ηm(Y )dY τ)v = −(σ2, v)σ1. Hence,
(ηm(X)dXτ − 2ηm(Y )dY τ)v = −2(σ1, v)σ2 + 2(σ2, v)σ1 = −2τv
and the result follows.
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Proof of Proposition 5.29. Let σˆ ∈ Γsˆ be a parallel section of d+mηm and let σ0 ∈ Γs0. Then,
(∆qσ0, σˆ) = (dXdXσ0 − 2dY dY σ0, σˆ)
= −(dXσ0, dX σˆ) + 2(dY σ0, dY σˆ)
= m((dXσ0, η
m(X)σˆ)− 2(dY σ0, ηm(Y )σˆ))
= −m(ηm(X)dXσ0 − 2ηm(Y )dY σ0, σˆ).
Now, there exists τ ∈ Γ(∧2f) such that σ0 = τ σˆ. Hence,
(∆qσ0, σˆ) = −m((ηm(X)dXτ − 2ηm(Y )dY τ)σˆ, σˆ) = m2(τ σˆ, σˆ),
by Lemma 5.30. By the skew-symmetry of τ , (∆qσ0, σˆ) vanishes.
By a symmetric argument, (∆qσ0, σ) vanishes, where σ is a parallel section of d+mηˆ
m.
Now let σ∞ ∈ Γs∞. Then dσ∞ ∈ Ω1(f + fˆ). Then using that dσ0 ∈ Ω1((f + fˆ)⊥) for any
σ0 ∈ Γs0, it is clear that s∞ ≤ (s0 ⊕ dσ0(TΣ))⊥ and one can easily check that (∆qσ0, σ∞)
vanishes.
Remark 5.31. Proposition 5.29 tells us how to obtain the middle connection of fˆ : let sˆ ≤ fˆ
be the parallel subbundle of d + mηm and let s := f ∩ l, where l is the line spanned by sˆ and
s∞. Then by Proposition 5.22
d+ tηˆm = Γsˆs(1− t/m) · (d+ tηm).
5.2.2 Isothermic sphere congruences
Now suppose that we are working with the isothermic connection η+ associated to the isother-
mic sphere congruence s+. Then if sˆ ≤ fˆ is the parallel subbundle of d + mη+ then by
Proposition 5.22, ηˆ defined by
d+ tηˆ = Γsˆs+(1− t/m) · (d+ tη+)
is a closed one-form. Recall that we split η = η0+ηs+ and ηˆ = ηˆ0+ηˆsˆ, where η0, ηˆ0 ∈ Ω1(s0∧l⊥),
ηs+ ∈ Ω1(s+ ∧ l⊥) and ηˆsˆ ∈ Ω1(sˆ ∧ l⊥). Now, in the proof of Proposition 5.22 we saw that
η0 = ηˆ0 and since we are working with the isothermic connection η
+ ∈ Ω1(s+ ∧ f⊥), we have
that η0 = 0. Thus, ηˆ ∈ Ω1(sˆ ∧ l⊥). Hence, sˆ is isothermic and we shall denote it sˆ+. A
symmetric argument yields an analogous result for s−.
Proposition 5.32. We may label the isothermic sphere congruences sˆ+ and sˆ− of fˆ such that
sˆ± is a parallel subbundle of d+mη±. Furthermore
d+ tηˆ± = Γsˆ
±
s±(1− t/m) · (d+ tη±).
Remark 5.33. Proposition 5.32 shows that Darboux transforms of Lie applicable surfaces are
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induced by the Darboux transforms of their isothermic sphere congruences [11, 50]. This is our
justification for using the term “Darboux transform” instead of “Ba¨cklund transform”.
We now give a result concerning the lines joining “opposite” isothermic sphere congruences:
Proposition 5.34. Let l1 = s
+ ⊕ sˆ− and l2 = s− ⊕ sˆ+. Then l1 ∩ l2 = s∞.
Proof. By Proposition 4.22, η− = σ− ∧ dσ+, where σ± are Christoffel dual lifts of s±. By
Proposition 5.32, there exists σˆ ∈ Γsˆ− such that σˆ is a parallel section of d+mη−. Thus,
dσˆ = −m(σ−, σˆ)dσ+modΩ1(f).
Hence, σ∞ := σˆ + m(σ−, σˆ)σ+ ∈ Γl1 and satisfies dσ∞ ∈ Ω1(f + fˆ). Since s∞ is the unique
point in f + fˆ satisfying s
(1)
∞ ≤ f + fˆ , we have that σ∞ ∈ Γs∞. Therefore, s∞ ≤ l1. Similarly,
s∞ ≤ l2 and the result follows.
Further work
As shown in Section 4.3, given an Ω-surface we can determine a parallel family of associate Ω-
surfaces. This is yet another transformation of Ω-surfaces. It would be useful to have a relation
between the middle connections of these surfaces akin to the relation given in [11, 18, 64]





In [18, 64], based on an idea1 of Burstall and Calderbank, isothermic surfaces admitting poly-
nomial conserved quantities are considered. Isothermic surfaces admitting degree d polynomial
conserved quantities are defined to be special isothermic surfaces of type d. It is shown that
type 1 special isothermic surfaces coincide with surfaces of constant mean curvature in certain
space forms and those of type 2 are the classical special isothermic surfaces of Darboux [33] in
certain space forms.
We shall take a similar approach and consider Ω-surfaces that admit polynomial conserved
quantities. The situation is somewhat less clear as we have a gauge orbit of connections to
consider - this will be resolved by using the middle connection. We will see that
• Isothermic surfaces, Guichard surfaces and L-isothermic surfaces can be characterised as
Ω-surfaces admitting certain linear conserved quantities.
• The special Ω-surfaces of Eisenhart [39] in space forms are Ω-surfaces admitting degree 2
conserved quantities.
• Special Guichard surfaces [37] and special isothermic surfaces in space forms are Ω-surfaces
admitting a linear conserved quantity and a quadratic conserved quantity.
Furthermore we will study the effect of the transformations of Chapter 5 on such surfaces. For
example we will show that the Eisenhart transformation for Guichard surfaces coincides with
the Darboux transformations that preserve a certain linear conserved quantity.
6.1 Polynomial conserved quantities
Suppose that f : Σ→ Z is a Lie applicable surface with family of flat connections dt = d+ tη.
We now give a definition that is analogous to that of [18, 64]:
1This idea originates from the notion of polynomial killing field introduced in [4].
77
Definition 6.1. A non-zero polynomial p ∈ ΓR4,2[t] is called a polynomial conserved quantity
of dt if p(t) is a parallel section of dt for all t ∈ R.
The following lemma shows that the existence of polynomial conserved quantities is gauge
invariant. Suppose that η˜ is in the gauge orbit of η so that η˜ = η − dτ for τ ∈ Γ(∧2f).
Lemma 6.2. Suppose that p is a polynomial conserved quantity of d + tη. Then p˜(t) =
exp(tτ)p(t) is a polynomial conserved quantity of d+ tη˜ with p˜(0) = p(0).
Proof. This follows immediately from (5.1).
Using an identical argument to [64, Proposition 2.12], one obtains the following lemma:
Lemma 6.3. Suppose that p is a polynomial conserved quantity of dt. Then the polynomial
(p(t), p(t)) ∈ R[t] has constant coefficients.
From now on we shall assume that f is an umbilic-free Ω-surface.




k is a degree d polynomial conserved quantity of
the middle connection d+ tηm of f . Then
1. p0 is constant.
2. pd is a section of f .
3. For any τ ∈ Γ(∧2f), p˜(t) = exp(tτ)p(t) has degree at most d and the coefficient of td is
given by pd + τpd−1.
Proof. Consider the polynomial (d+ tηm)p(t) whose coefficients take values in Ω1(R4,2):





Therefore dp0 = 0 and thus p0 is constant. Furthermore, η
mpd = 0. Now by Remark 4.14, in
terms of special lifts of the curvature spheres, the middle connection is given by
ηm = σ1 ∧ ?dσ1 + 2σ2 ∧ ?dσ2.
Therefore,
0 = ηmpd = (σ1, pd) ? dσ1 − (?dσ1, pd)σ1 + 2(σ2, pd) ? dσ2 − (?dσ2, pd)σ2. (6.1)
Since dY σ1 and dXσ2 never belong to f for any non-zero X ∈ ΓT1, Y ∈ ΓT2, we have that
(σ1, pd) = (σ2, pd) = 0.
Thus, pd ∈ Γf⊥. It then follows from (6.1) and the linear independence of σ1 and σ2 that
(?dσ1, pd) = (?dσ2, pd) = 0.
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Therefore, since f (1) = f⊥, pd takes values in (f⊥)⊥. This implies that pd ∈ Γf .
Since pd ∈ Γf , τpd = 0 for any τ ∈ Γ(∧2f). Therefore,
exp(tτ)p(t) = p(t) + tτp(t) = p0 +
d∑
k=1
tk(pk + τpk−1) + td+1τpd
is a polynomial of degree at most d and the coefficient of td is pd + τpd−1.
Remark 6.5. For polynomial conserved quantities of Ω0-surfaces, 2 and 3 of Proposition 6.4
do not necessarily hold. We shall not consider general polynomial conserved quantities of Ω0-
surfaces, however in Subsection 7.3.2 we shall consider constant conserved quantities.
More in fact can be said about the top term of a polynomial conserved quantity of the
middle connection, but first we will investigate polynomial conserved quantities of isothermic
connections. Suppose that s : Σ → P(L) is an isothermic sphere congruence with isothermic
connection d+tηs and suppose that s defines a conformal structure on TΣ. We may then define
the central sphere congruence of s:
V s := s(1) ⊕ 〈∆σ〉,
where ∆σ is the Laplacian of any lift σ ∈ Γs with respect to the conformal structure induced
by s. By applying the arguments of [64, Proposition 2.12] to R4,2 we obtain the following
proposition:
Proposition 6.6. Suppose that p is a degree d polynomial conserved quantity of d+ tηs. Then
pd is a parallel section of (V
s)⊥ with respect to the connection on (V s)⊥ induced by the splitting
R4,2 = V s ⊕ (V s)⊥.
Recall from Proposition 4.22 that in terms of the Christoffel dual lifts σ± of the isothermic
sphere congruences of f we have that
d+ tη± = exp(tτ±) · (d+ tηm),
where τ = ± 12σ+ ∧ σ−.
Corollary 6.7. Suppose that p is a degree d polynomial conserved quantity of the middle
connection of f . Then pd = (σ
+  σ−)pd−1. Furthermore, (σ±, pd−1) are constants.
Proof. By Proposition 6.4 the top term of p lies in f . Thus pd = λσ
+ + µσ− for some smooth
functions λ and µ. By Lemma 6.2, p+(t) = exp(τ+)p(t) is a polynomial conserved quantity of
d+ tη+ and, by Proposition 6.4, p+ has degree at most d and pd + τ
+pd−1 is the coefficient of
td. Now
pd + τ
+pd−1 = λσ+ + µσ− +
1
2
((σ+, pd−1)σ− − (σ−, pd−1)σ+). (6.2)
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By Proposition 6.6, pd + τ
+pd−1 is a parallel section of f ∩ (V +)⊥. Then, by Remark 4.23,
pd + τ
+pd−1 = ασ−, for some constant α. Comparing this with (6.2), we have that λ =
1
2 (σ
−, pd−1) and that µ+ 12 (σ
+, pd−1) is constant. Similarly, one can show that µ = 12 (σ
+, pd−1)
and λ+ 12 (σ




((σ−, pd−1)σ+ + (σ+, pd−1)σ−) = (σ+  σ−)pd−1,
with (σ±, pd−1) constant.
Corollary 6.8. Suppose that p is a polynomial conserved quantity of degree d of the middle
connection of f . Then for τ ∈ Γ(∧2f), p˜(t) := exp(tτ)p(t) has degree strictly less than d if and
only if pd−1 ∈ Γ(s+)⊥ (or pd−1 ∈ Γ(s−)⊥) and τ = τ+ (respectively, τ = τ−).
Proof. From Proposition 6.4, we have that the coefficient of td of p˜ is given by pd + τpd−1. We
may write τ = βσ+ ∧ σ−, where β is a smooth function and σ± are Christoffel dual lifts. Then
by Corollary 6.7, we have that
pd + τpd−1 = 12 ((σ
−, pd−1)σ+ + (σ+, pd−1)σ−) + β((σ+, pd−1)σ− − (σ−, pd−1)σ+).
Therefore, the td coefficient of p˜ vanishes if and only if
(β + 12 )(σ
+, pd−1) = 0 = (β − 12 )(σ−, pd−1). (6.3)
Since the top term of p is given by (σ+σ−)pd−1, we cannot have that (σ+, pd−1) and (σ−, pd−1)
both vanish as this would imply that p has degree strictly less than d. Therefore, without loss of
generality, assume that (σ−, pd−1) 6= 0. Then (6.3) is equivalent to β = 12 and (σ+, pd−1) = 0,
i.e., τ = 12σ
+ ∧ σ− = τ+ and pd−1 ∈ Γ(s+)⊥.
Corollary 6.9. Suppose that p is a polynomial conserved quantity of the middle connection.
Then the degree d of p is invariant under gauge transformation if and only if (p(t), p(t)) is a
polynomial of degree 2d− 1.
Proof. By Proposition 6.4 we have that pd ∈ Γf . Therefore there is no 2d-term of (p(t), p(t)).
Now the coefficient of t2d−1 in (p(t), p(t)) is 2(pd, pd−1) and by Corollary 6.7,
(pd, pd−1) = (σ+, pd−1)(σ−, pd−1).
Therefore, by Corollary 6.8, the coefficient of t2d−1 vanishes if and only if there exists τ ∈ Γ(∧2f)
such that exp(tτ)p(t) has degree strictly less than d.
Analogously to [18, 64], we make the following definition:
Definition 6.10. An umbilic-free Ω-surface is a special Ω-surface of type d if its middle con-
nection admits a non-zero polynomial conserved quantity of degree d.
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Remark 6.11. Type zero special Ω-surfaces do not exist as this would imply that there exists
q ∈ (R4,2)× such that q ∈ Γf , implying that f is totally umbilic.
Now suppose that f is a special Ω-surface of type d with degree d conserved quantity p.
Let m be a non-zero root of the polynomial (p(t), p(t)). Then p(m) is lightlike and is a parallel
section of d + mηm. If we let s0 := f ∩ 〈p(m)〉⊥ and define fˆ := s0 ⊕ 〈p(m)〉, then fˆ is
a Darboux transform of f with parameter m. Unsurprisingly, [18, 64] lead us to make the
following definition:
Definition 6.12. The Darboux transforms fˆ of f such that p(m) ∈ Γfˆ for some m ∈ R× are
called the complementary surfaces of f with respect to p.
Remark 6.13. Since the degree of (p(t), p(t)) is less than or equal to 2d− 1, we have at most
2d− 1 complementary surfaces.
6.2 Transformations of polynomial conserved quantities
We would now like to investigate how polynomial conserved quantities behave when we apply
the transformations of Chapter 5. Suppose that f is a special Ω-surface of type d and let p be
associated degree d polynomial conserved quantity of the middle connection.
6.2.1 Calapso transformations
Suppose that f t := T (t)f is a Calapso transform of f , where T (t) denotes the local trivialising
orthogonal gauge transformations of the middle connection d+ tηm of f .
Proposition 6.14. The middle connection of f t admits a degree d polynomial conserved quan-
tity pt defined by
pt(s) := T (t)p(s+ t)
with constant term pt(0) = T (t)p(t).
Proof. By Proposition 5.8, the middle connection of f t is given by
d+ s(ηt)m = T (t) · (d+ (s+ t)ηm).
Then it follows immediately that pt is a polynomial conserved quantity of the middle connection
of f t. Furthermore, the coefficient of sd in pt(s) is T (t)pd 6= 0. Hence pt has degree d.
We have thus proved the following Theorem:




Suppose that fˆ is an umbilic-free Darboux transform of f with parameter m ∈ R×. Then by
Remark 5.31, the middle connection of fˆ is given by
d+mηˆm = Γsˆs(1− t/m) · (d+ tηm)
where sˆ ≤ fˆ is the parallel subbundle of d + mηm and s ≤ f is the parallel subbundle of
d+mηˆm. Therefore, Γsˆs(1− t/m)p(t) is a conserved quantity of d+ tηˆm. Using the splitting
R4,2 = s⊕ sˆ⊕ (s⊕ sˆ)⊥,
we shall write p(t) as
p(t) = [p(t)]s + [p(t)]sˆ + [p(t)](s⊕sˆ)⊥ .
Thus
Γsˆs(1− t/m)p(t) = mm−t [p(t)]s + m−tm [p(t)]sˆ + [p(t)](s⊕sˆ)⊥ .
Proposition 6.16. pˆ(t) := (1−t/m)Γsˆs(1−t/m)p(t) defines a degree d+1 polynomial conserved
quantity of d + tηˆm. Furthermore, if p(m) ∈ Γsˆ⊥ then pˆ(t) := Γsˆs(1 − t/m)p(t) is a degree d
polynomial conserved quantity with (pˆ(t), pˆ(t)) = (p(t), p(t)). In either case pˆ(0) = p(0).
Proof. First note that by Proposition 6.4, the top term pd of p(t) lies in f . Therefore, [p(t)]sˆ
has degree strictly less than d. Hence,







is a polynomial conserved quantity of degree d+ 1 of d+ tηˆm.
Now let σ ∈ Γs and σˆ ∈ Γsˆ such that (σ, σˆ) = −1. Then [p(t)]s = −(p(t), σˆ)σ. Therefore,
if p(m) ∈ Γsˆ⊥, then [p(t)]s has a root at m and mm−t [p(t)]s is a polynomial of degree less than
d. Therefore, pˆ(t) = Γsˆs(1 − t/m)p(t) is a degree d polynomial conserved quantity of d + tηˆm.
Furthermore, since Γsˆs(1− t/m) takes values in O(4, 2) for all t, (pˆ(t), pˆ(t)) = (p(t), p(t)).
Finally, we have that in either case pˆ(0) = p(0) because Γsˆs(1) is the identity.
We have thus proved the following theorem:
Theorem 6.17. fˆ is a special Ω-surface of type d+ 1. Furthermore, if p(m) ∈ Γsˆ⊥, then fˆ is
a special Ω-surface of type d.
Remark 6.18. Since {dt = d+ tηm}t∈R is a family of metric connections, we have that
d(p(m), σˆ) = (dmp(m), σˆ) + (p(m), dmσˆ) = 0,
where σˆ ∈ Γsˆ is a parallel section of dm. Therefore, if p(m) ∈ Γsˆ⊥ at a point p ∈ Σ, then
p(m) ∈ Γsˆ⊥ throughout Σ.
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6.3 Type one special Ω-surfaces
In this section we shall see that special Ω-surfaces of type one, i.e., Ω-surfaces whose middle
connection admits a linear conserved quantity p(t), include isothermic surfaces, Guichard sur-
faces and L-isothermic surfaces. Furthermore the familiar transformations of these surfaces are
restrictions of the transformations of Chapter 5. For example we shall show that the Eisen-
hart transformations for Guichard surfaces are Darboux transformations preserving the linear
conserved quantity.
Suppose that f is a special Ω-surface of type one and let p(t) = p0 + tp1 be the associated
linear conserved quantity of the middle connection. By Proposition 6.4, p0 is constant and
p1 ∈ Γf . From Corollary 6.7 we immediately obtain the following lemma:
Lemma 6.19. For Christoffel dual lifts σ±, (σ±, p0) are constant and
p(t) = exp(t σ+  σ−)p0.
Using Lemma 2.23 we obtain the following corollary:
Corollary 6.20. f lies nowhere in 〈p0〉⊥.
Proof. Suppose that at a point p ∈ Σ, f(p) ≤ 〈p0〉⊥. Then (σ±(p), p0) = 0 and by Lemma 6.19,
(σ±, p0) = 0 throughout Σ. Therefore, since σ± span f , f ≤ 〈p0〉⊥. Then by Lemma 2.23, this
contradicts f being an umbilic-free Legendre map.
6.3.1 Isothermic surfaces
Suppose that p ∈ R4,2 is a point sphere complex. Then 〈p〉⊥ is a (Riemannian or Lorentzian)
conformal subgeometry of R4,2. Let Lp denote the lightcone of 〈p〉⊥. In [11, 18, 50, 64],
isothermic surfaces are characterised as the surfaces Λ : Σ → P(Lp) that admit a non-zero
closed one-form
η ∈ Ω1(Λ ∧ Λ(1)).
Let f : Σ → Z be the Legendre lift of Λ. Then Λ = f ∩ 〈p〉⊥ and η takes values in f ∧ f⊥.
Furthermore, the quadratic differential
q(X,Y ) = tr(σ → η(X)dY σ)
coincides with the holomorphic2 (with respect to the conformal structure induced by Λ) quadratic
differential defined in [18, 64]. Thus, q is non-degenerate and f is an Ω-surface. Furthermore,
(d+ tη)p = 0,




)dz2 = dz2 and
I = e2udzdz¯.
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i.e., p is a constant conserved quantity of d + tη. Thus, if τ ∈ Γ(∧2f) such that the middle
connection is given by
d+ tηm = exp(tτ) · (d+ tη),
then we have that p(t) = exp(tτ)p is a linear conserved quantity of d + tηm. Moreover,
(p(t), p(t)) = (p, p) is a non-zero constant.
Conversely, suppose that f is a special Ω-surface of type one with linear conserved quantity
p and suppose that (p(t), p(t)) is a non-zero constant. If we let p := p0, then p is a point sphere
complex and 〈p〉⊥ defines a (Riemannian or Lorentzian) conformal geometry. By Corollaries 6.8
and 6.9, we have that one of the isothermic sphere congruences, without loss of generality
Λ := s+, of f takes values in 〈p〉⊥. Then Λ is an isothermic surface and
η+ ∈ Ω1(Λ ∧ Λ(1))
is its associated closed one form. We have therefore arrived at the following theorem:
Theorem 6.21. Special Ω-surfaces of type one whose degree one polynomial conserved quantity
p satisfies (p(t), p(t)) being a non-zero constant are the isothermic surfaces of the conformal
geometry defined by 〈p(0)〉⊥.
We shall now see how the classical transformations of isothermic surfaces are induced by the
transformations of Chapter 5: suppose that f is an umbilic-free Ω-surface such that Λ := s+ is
an isothermic surface in 〈p〉⊥. Then
p(t) := exp(tτ)p




Suppose that f t = T (t)f is a Calapso transform of f . Then by Lemma 5.4, we may assume
that T (t) is the gauge transformation of d+ tη+. Now
d(T (t)p) = T (t)(d+ tη+)p = 0.
Thus, T (t)p is constant and, by premultiplying by an appropriate Lie sphere transformation,
we may assume that it is p. Then T (t)Λ ≤ f t is a Calapso transform of the isothermic surface
Λ in the sense of [18, 50, 64].




Suppose that fˆ is an umbilic-free Darboux transform of f with parameter m ∈ R×. Assume
that the parallel subbundle sˆ ≤ fˆ of d + mηm satisfies sˆ ≤ 〈p(m)〉⊥. Then sˆ+ := exp(mτ)sˆ is
a parallel subbundle of d+mη+ and
(sˆ+, p) = (exp(mτ)sˆ, exp(mτ)p(m)) = (sˆ, p(m)) = 0.
Thus, sˆ+ is a Darboux transform in the sense of [50, 64, 18, 11] of the isothermic surface s+.
Conversely, if Λˆ is a Darboux transform of Λ with parameter m then sˆ := exp(−mτ)Λˆ is a
parallel subbundle of d+mηm and
(sˆ, p(m)) = (exp(−mτ)Λˆ, exp(−mτ)p) = 0.
We have therefore arrived at the following theorem:
Theorem 6.23. The umbilic-free Darboux transforms fˆ of f with parameter m such that
p(m) ∈ Γsˆ⊥ are the Legendre lifts of Darboux transforms of Λ with parameter m.
The Christoffel transformation
Now suppose that p satisfies |p|2 = −1 and let q∞ ∈ 〈p〉⊥ be a null space form vector. Then
Q3 is isometric to a Euclidean geometry. Let f : Σ→ Q3 denote the corresponding space form
projection of f and let ν : Σ→ R3 be a corresponding surface in Euclidean space. Then
η+ = f ∧ df ◦A
for some A ∈ ΓEnd(TΣ) and (η+p, q∞) = 0. By comparing this with Section 4.3, we have that







Now using Rodrigues’ equations one can deduce that in terms of curvature line coordinates


























Hence, the conformal structures induced by ν and νD are equivalent. Therefore, since ν and νD
have parallel curvature directions and induce the same conformal structure, they are Christoffel
transforms of each other.
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6.3.2 Guichard surfaces
Suppose that f is a special Ω-surface of type one admitting a polynomial conserved quantity
p(t) such that (p(t), p(t)) is a linear polynomial with non-zero constant term. Then p := p0
defines a point sphere complex for the conformal geometry 〈p〉⊥. We will show that f satisfies
Calapso’s equation [20]
EG(κ1 − κ2)2 = E − 2G
in space forms with point sphere complex p, for a suitable choice of curvature line coordinates.
Let q ∈ 〈p〉⊥ be a space form vector and let f : Σ → Q3 denote the projection of f into
the space form Q3 defined by q and p and let t : Σ → P3 be the corresponding tangent
plane congruence. Since the polynomial (p(t), p(t)) has constant coefficients, we have that
(p, p1) is constant. By adjusting the parameter t, we may assume that (p, p1) = 1. Let
τ := (p1, q)p1 ∧ f ∈ Γ(∧2f). Then by Lemma 6.2,
p˜(t) := exp(tτ)p(t) = p + t((p1, q)f + p1)
is a linear conserved quantity of d + tη˜ = exp(tτ) · (d + tηm). Now p˜1 := (p1, q)f + p1 satisfies
(p˜1, p) = 1 and (p˜1, q) = 0. Thus, p˜1 = −t. Therefore, −dt + η˜p = 0 and thus
(η˜p, q) = (dt, q) = 0.
Hence,
η˜ = f ∧ df ◦A− t ∧ dt, (6.4)
for some A ∈ ΓEnd(TΣ). By Lemma 3.34, T1 and T2 are eigenspaces of A. Let α1 and α2
denote the corresponding eigenvalues. Now the quadratic differential of η˜ is given by
q = −(df ◦A, df) + (dt, dt).
Recall from Section 4.2 that q is a divergence-free quadratic differential. Thus, in terms of
arbitrary curvature line coordinates (u, v), q = −2U2du2 + V 2dv2, for some smooth functions
U of u and V of v. Therefore,
−2U2 = −α1E + κ21E and V 2 = −α2G+ κ22G. (6.5)
Furthermore, since η˜ is closed, we have that
0 = dfuprise df ◦A− dtuprise dt = (α1 + α2 − 2K)(fu ∧ fv)du ∧ dv. (6.6)
Substituting α1 and α2 from (6.5) into (6.6) yields
EG(κ1 − κ2)2 = V 2E − 2U2G.
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Now by choosing curvature line coordinates so that q = −2du2 + dv2 we have that
EG(κ1 − κ2)2 = E − 2G. (6.7)
Comparing this with [20], we see that in the case that the isothermic sphere congruences of
f are real, i.e., q is indefinite, f is a Guichard surface of the first kind in the space form Q3,
whereas in the case that they are complex, f is a Guichard surface of the second kind.
Conversely, if (6.7) is satisfied in Q3 for some curvature line coordinates (u, v), then let
η˜ := f ∧ (( 2E + κ21)fudu+ (− 1G + κ22)fvdv)− t ∧ dt.
One can check that η˜ is closed and it is clear that p˜(t) = p − tt is a linear conserved quantity
for d+ tη˜.
We thus have the following theorem:
Theorem 6.24. Special Ω-surfaces of type one whose linear conserved quantity p satisfies
(p(t), p(t)) being a linear polynomial with non-zero constant term are the surfaces that project
to Guichard surfaces in any space form with point sphere complex p(0).
Remark 6.25. Guichard surfaces were given a conformally invariant treatment by Burstall
and Calderbank in [6, 21] as Mo¨bius-flat hypersurfaces. This treatment has been studied further
in [27, 28, 29].
The associate surface
Suppose now that |p|2 = −1 and choose a null space form vector q∞ ∈ 〈p〉⊥. Then Q3 is
isometric to Euclidean 3-space. Let ν : Σ → R3 denote a corresponding projection of f with
Gauss map n : Σ→ S2.
Guichard surfaces were originally defined [49] in Euclidean space as the surfaces ν : Σ→ R3
for which there exists another surface νg : Σ→ R3 with the same spherical representation as ν












η˜ := f ∧ (( 2E + κ21)fudu+ (− 1G + κ22)fvdv)− t ∧ dt
and (η˜p, q∞) = 0. Therefore, by comparing with Section 4.3, there exists an associate surface


















Hence, νD is an associate surface in the sense of Guichard [49].
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Calapso transforms
Let f t := T (t)f be a Calapso transform of f . Then by Proposition 6.14, the middle connection
of f t admits a linear conserved quantity pt defined by
pt(s) = T (t)p(t+ s).
Now since T (t) take values in O(4, 2), we have that
(pt(s), pt(s)) = (p(t+ s), p(t+ s)).
Therefore, (pt(s), pt(s)) is a linear polynomial with constant term (p(t), p(t)). Since (p(t), p(t))
is a linear polynomial in t with non-zero constant term, it admits a single root which we shall
denote t0. By applying Theorem 6.24, we obtain the following theorem:
Theorem 6.26. If t 6= t0, then the Calapso transform f t projects to Guichard surfaces in any
space form with point sphere complex T (t)p(t).
Remark 6.27. The Calapso transform f t0 admits a linear polynomial pt0 such that (pt0(s), pt0(s))
is a linear polynomial with vanishing constant term. Therefore Theorem 6.24 does not apply in
this case.
The Eisenhart transformation
In [37], Eisenhart develops a transformation for Guichard surfaces in Euclidean 3-space akin
to the Darboux transformation for isothermic surfaces. We shall show that this transformation
is induced by the Darboux transformation of Chapter 5. Firstly let us recall the construction
of [37]:
Suppose that ν : Σ → R3 is a Guichard surface with unit normal N and let (u, v) be the
special curvature line coordinates such that3
EG(κ1 − κ2)2 = E − 2G.
Let e1 :=
νu
||νu|| and e2 :=
νv
||νv|| . Let θ and ξ be functions such that
√
E = eξ cosh θ and
√
G = eξ sinh θ.
In [37], it is shown that there exists a function h such that
κ1 = e
−ξ(2 tanh θ + h) and κ2 = e−ξ(coth θ + h).
Then an Eisenhart transformation of ν with parameter m is
νˆ := ν − 1
σm
(µN + αe1 + βe2)
3Note that the roles of u and v here are opposite to that of [37].
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with unit normal




where α, β, σ, µ and λ are functions satisfying the fundamental quadratic equation
2λσm = α2 + β2 + µ2 (6.8)
and the fundamental system of equations
dσ = α e−ξ(tψ + φ) du+ β e−ξ(tφ+ 2ψ) dv
dλ = α eξ cosh θ du+ β eξ sinh θ dv
dµ = −α (2 sinh θ + h cosh θ) du− β (cosh θ + h sinh θ) dv
dα = β ((− coth θ ∂ξ∂v + 2 ∂θ∂v )du+ (tanh θ ∂ξ∂u + ∂θ∂u )dv) + µ (2 sinh θ + h cosh θ)du
+ σmeξ cosh θdu+ λme−ξ(tψ + φ)du,
dβ = α ((coth θ ∂ξ∂v + 
2 ∂θ
∂v )du− (tanh θ ∂ξ∂u + ∂θ∂u )dv) + µ (cosh θ + h sinh θ)dv
+ σmeξ sinh θdv + λme−ξ(tφ+ ψ)dv
where
φ = cosh θ + (h+ µλe
ξ) sinh θ, ψ = 2 sinh θ + (h+ µλe
ξ) cosh θ, and t = h+ µλe
ξ.
This system is non-linear, however Calderbank provided a way to linearise this system in [9] by
replacing σ with γ := σ + µ
2





































Gdv 0 0 0
−√Eκ1du −
√






















We shall now construct a frame of R4,2: let q∞ and p define a space form vector and point
sphere complex for a Euclidean space form Q3. Let q0 ∈ 〈p〉⊥ be a complementary null vector
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for q∞. Then we may identify ν with f : Σ→ Q3 via






||fu|| and e˜2 :=
fv
||fv|| , and let t : Σ→ P3 be the tangent plane congruence of f. Then
e˜1 = e1 + (e1, ν)q∞, e˜2 = e2 + (e2, ν)q∞ and t = N + (N, σ)q∞ + p.
Let F := (f, t, e˜1, e˜2, q∞, p) be a frame for R4,2. Then dF = Fω, where
ω =







Edu −√Eκ1du 0 ζ 0 0√











Now the lift fˆ : Σ→ Q3 of νˆ is given by




= ν − 1
σm







(ν, µN + αe1 + βe2) +
1
σ2m2
(µ2 + α2 + β2))q∞
= f− 1
σm
(µt + αe˜1 + βe˜2 − λq∞ − µp)
and its tangent plane congruence is given by





σˆ := γ fˆ− µtˆ
= γf− 1
m
(µ(1 +m)t + αe˜1 + βe˜2 − λq∞ − µp)
= Fw
where w := (γ,−µ(1+m)m ,− αm ,− βm , λm , µm )t. On the other hand if we let σˆ ∈ ΓR4,2, and assume
that (σˆ, p(−m)) = 0, then σˆ has the form
σˆ = γf− 1
m
(µ(1 +m)t + αe˜1 + βe˜2 − λq∞ − µp),
for some smooth functions α, β, γ, λ and µ. We then have that σˆ is lightlike if and only if the
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fundamental quadratic equation (6.8) is satisfied. Now in terms of the frame F we have that












0 0 −(√Eκ21+ 
2√
E
)du −(√Gκ22− 1√G )dv 0 0
0 0 −√Eκ1du −
√
Gκ2dv 0 0




0 0 0 0 −(√Gκ22− 1√G )dv −
√
Gκ2dv
0 0 0 0 0 0
0 0 0 0 0 0
 .
Then σˆ is a parallel section of d−mη if and only if
0 = (d−mη)σˆ = F(dw + (ω −mB)w).
























Gdv −√Gκ2dv −ζ 0 m(
√












and one can then check that w = (γ,−µ(1+m)m ,− αm ,− βm , λm , µm )t being a parallel section of
d + (ω −mB) is equivalent to the fundamental system of equations (6.9) being satisfied. We
have therefore proved the following theorem:
Theorem 6.28. The Darboux transforms fˆ of f with parameter −m such that p(−m) ∈ Γsˆ⊥
are the Eisenhart transformations with parameter m in Euclidean geometries with point sphere
complex p = p(0).
6.3.3 L-isothermic surfaces
L-isothermic surfaces were originally discovered by Blaschke [3] and have been the subject of
interest recently in for example [53, 54, 55, 57, 67]. They are the surfaces in R3 that admit
curvature line coordinates that are conformal with respect to the third fundamental form of
the surface, or as Musso and Nicolodi [55] put it, there exists a holomorphic4 (with respect to
the third fundamental form) quadratic differential that commutes with the second fundamental
form, i.e., if we use the complex structure induced on Σ by III to split the second fundamental
form into bidegrees,
II = II2,0 + II1,1 + II0,2,




)dz2 = dz2 and
III = e2udzdz¯.
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then II2,0 = µq2,0, for some real valued function µ : Σ → R. In [55], L-isothermic surfaces
were also characterised in terms of the standard model for Laguerre geometry R3,1 (see for
example [3, 25]). In this subsection we will show that Legendre lifts of L-isothermic surfaces
are the special Ω-surfaces of type one whose linear conserved quantity p satisfies (p(t), p(t)) = 0.
Recall from Subsection 2.4.2 that a non-zero lightlike vector q∞ defines a Laguerre geometry
and that given q0 ∈ L such that (q0, q∞) = −1 and p ∈ 〈q0, q∞〉⊥ such that |p|2 = −1, then
Q3 is isometric to R3.
Now suppose that f : Σ→ Z is a Legendre map and that f projects to a surface f : Σ→ Q3
with tangent plane congruence t : Σ→ P3. Then
f = ν + q0 +
1
2
(ν, ν)q∞ and t = n+ p + (n, ν)q∞,
where ν : Σ → R3 is the corresponding surface in R3 with unit normal n : Σ → S2. Suppose
that there exists a holomorphic (with respect to the third fundamental form of ν, III = (dn, dn))
quadratic differential that commutes with the second fundamental form of ν, II = −(dν, dn).
This implies that if we let Q ∈ ΓEnd(TΣ) such that
q = (dn, dn ◦Q)
then Q is trace-free and symmetric with respect to III and the two-tensor
(dν, dn ◦Q)
is symmetric. Now let
η := t ∧ dt ◦Q
= (n+ p + (n, ν)q∞) ∧ (dn ◦Q+ (dn ◦Q, ν)q∞).
Then
dη = dnuprise dn ◦Q+ q∞ ∧ ((dnuprise dn ◦Q)ν) + (n+ p+ (n, ν)q∞)∧ (d(dn ◦Q) + d(dn ◦Q, ν)q∞).
It follows from the fact that Q is trace-free that dnuprise dn ◦Q = 0. Furthermore, one can check
that q being holomorphic implies that dn ◦Q is closed. Finally, for any X,Y ∈ ΓTΣ,
d(dn ◦Q, ν)(X,Y ) = (dn ◦Q(X), dY ν)− (dn ◦Q(Y ), dXν) = 0,
since (dν, dn ◦Q) is symmetric. Therefore, η is closed. Moreover,
q(X,Y ) = (dn, dn ◦Q) = tr(σ → η(X)dY σ)
is non-degenerate and ηq∞ = 0. Hence, f is an Ω-surface and for some τ ∈ Γ ∧2 f , p(t) :=
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exp(tτ)q∞ is a linear conserved quantity of the middle connection of f satisfying
(p(t), p(t)) = (q∞, q∞) = 0.
Conversely, suppose that f is a special Ω-surface of type one whose linear conserved quantity
p satisfies (p(t), p(t)) = 0. Let q∞ := p0. Then q∞ is a space form vector for a space form with
vanishing sectional curvature. Furthermore, by Corollaries 6.8 and 6.9, one of the isothermic
sphere congruences, without loss of generality s+, takes values in 〈q∞〉⊥. Let p ∈ 〈q∞〉⊥ be a
point sphere complex with |p|2 = −1 and let t ∈ Γs+ be the lift of s+ such that (t, p) = −1.
Then t defines a tangent plane congruence for the space form projection f : Σ→ Q3 of f . Now
η+ has the form
η+ = t ∧ dt ◦Q,
for some Q ∈ ΓEnd(TΣ). Therefore,
q(X,Y ) = tr(σ 7→ η+XdY σ) = (dt, dt ◦Q),
and q is holomorphic with respect to the conformal structure induced by t. Furthermore, since
η+ is closed, we have that
0 = (dη+(X,Y ))f = (dtuprise dt ◦Q+ t ∧ d(dt ◦Q))(X,Y )f
= −(d(dt ◦Q)(X,Y ), f)t
= ((dt ◦Q(X), dY f)− (dt ◦Q(Y ), dX f))t.
Thus, q commutes with the second fundamental form of f. Hence, f projects to an L-isothermic
surface.
We therefore have the following theorem:
Theorem 6.29. Special Ω-surfaces of type one whose linear polynomial conserved quantity p
satisfies (p(t), p(t)) = 0 are the L-isothermic surfaces of any Laguerre geometry defined by p(0).
Calapso transforms
L-isothermic surfaces are well known to be the deformable surfaces of Laguerre geometry [53]
and this gives rise to T -transforms for these surfaces [57]. Therefore it is unsurprising that the
Calapso transforms of Legendre lifts of L-isothermic surfaces yield L-isothermic surfaces.
Fix t ∈ R and let f t be a Calapso transform of f . Then by Proposition 6.14 the middle
connection of f t admits a linear conserved quantity pt defined by
pt(s) = T (t)p(t+ s).
Since T (t) takes values in O(4, 2) we have that
(pt(s), pt(s)) = (p(t+ s), p(t+ s)) = 0.
93
Now T (t)p(t) is a constant null vector. Therefore, by premultiplying by an appropriate Lie
sphere transformation, we may assume that it is q∞. By applying Theorem 6.29 we obtain the
following theorem:
Theorem 6.30. The Calapso transforms of L-isothermic surfaces are L-isothermic.
The Bianchi-Darboux transform
In [55] a transformation was developed for L-isothermic surfaces called the Bianchi-Darboux
transformation, which is analogous to the Darboux transformation for isothermic surfaces. We
shall show how this corresponds to the Darboux transformation of Chapter 5.





, q∞, q0) for R4,2, where e1 = νu||νu|| and
e2 =
νv
||νv|| and (u, v) are curvature line coordinates for ν that are conformal with respect to the
third fundamental form. Let e2φ be the conformal factor of the third fundamental form. Then







dv 0 0 0
eφ√
2
du 0 φvdu− φudv − eφ√2du 0 0
eφ√
2







dv 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

.
The tangent plane congruence of ν is given by t = n+ p + (n, ν)q∞ and
η+ = t ∧ e−2φ(tudu− tvdv).
Therefore in terms of our framing η+ = FBF−1, where
B :=

0 −√2e−φdu √2e−φdv 0 0 √2e−φ(e1du− e2dv, ν)
0 0 0 −√2e−φdu 0 −e−φ(n, ν)du
0 0 0
√
2e−φdv 0 e−φ(n, ν)dv
0 0 0 0 0 0
0 −e−φ(n, ν)du e−φ(n, ν)dv √2e−φ(−e1du+ e2dv, ν) 0 0
0 0 0 0 0 0

.
Now suppose that σˆ+ : Σ→ L takes values in 〈q∞〉⊥. Then σˆ+ = Fw where w = (w1, ..., w5, 0)t.
Then σˆ+ is a parallel section of d− m2 η+ for some m ∈ R× if and only if v is a parallel section
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dw2 = − eφ√
2
duw1 − (φvdu− φudv)w3 + eφ−me−φ√2 duw
4
dw3 = − eφ√
2
dv w1 + (φvdu− φudv)w2 + eφ+me−φ√2 dv w
4











(n, ν)duw2 + 1√
2
(n, ν)dv w3 + (−e1du+ e2dv, ν)w4) (6.10)
A lengthy computation shows that if we let
r := (e1, ν)w
2 + (e2, ν)w
3 + 1√
2
(n, ν) (w1 − w4)− w5
then we may replace (6.10) with
dr = (e1, νu)duw
2 + (e2, νv)dv w
3.
This system of equations is then equivalent to the system given in [55, Section 5.1]. Now
assume that σˆ+ never belongs to f and let s0 := f ∩ 〈σˆ+〉⊥ and fˆ := s0 ⊕ 〈σˆ+〉. If we assume
that w1 + w4 > 0 (this equates to the assumption in [55] that (w1, w2, w3, w4)t takes values
in the positive lightcone of R3,1) then (σˆ+, t) is nowhere zero and thus t never belongs to s0.
Therefore, let
σ0 := f + µt ∈ Γs0.















One can then check that the point sphere map fˆ := fˆ ∩Q3 is given by
fˆ = − r
w4(w1 + w4)
σˆ+ + σ0,
and thus the Euclidean projection of fˆ in 〈q0, q∞, p〉⊥ is given by




(w4n− w2e1 − w3e2).
Comparing this with [55, Theorem 4] yield the following result:
Theorem 6.31. Darboux transforms fˆ of f with parameter −m/2 such that p(−m/2) ∈ Γsˆ⊥
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are the Legendre lifts of the Bianchi-Darboux transforms with parameter m in the Laguerre
geometry defined by p(0).
Associate surface
We shall now recover the result of [66, Section 6] that L-isothermic surfaces are the Combescure
transforms of minimal surfaces.
Let ν : Σ→ R3 be an L-isothermic surface. Given that
η+ = t ∧ dt ◦Q
for some Q ∈ ΓEnd(TΣ), we have that (η+q∞, p) = 0. By comparing with Section 4.3, we have











Thus, there exists a minimal surface νˆ with the same spherical representation as ν. In fact, we
have a converse to this result:
Theorem 6.32. Suppose that νˆ : Σ → R3 is a minimal surface. Then any Combescure
transform ν : Σ→ R3 of νˆ is an L-isothermic surface.
Proof. Let ν be a Combescure transformation of νˆ, i.e., ν and νˆ have the same spherical
representation. Let n be the common normal of these surfaces. Then the result follows by the
fact that
η := (n+ p + (n, ν)q∞) ∧ (dνˆ + (dνˆ, ν)q∞)
is a closed one-form.
Remark 6.33. The characterisation of L-isothermic surfaces as the Combescure transforms
of minimal surfaces shows that the class of L-isothermic surfaces is preserved by Combescure
transformation.
Further work
There is one case that we have not considered in this section - when f admits a linear conserved
quantity p such that (p(t), p(t)) is a linear polynomial with vanishing constant term. It would
be interesting to know if these surfaces have a classical interpretation in the Laguerre geometry
defined by p(0). One interesting fact about these surfaces is that if we further project into a
Euclidean subgeometry of 〈p(0)〉⊥ then the resulting surface is an associate surface of itself.




Suppose that f is a special Ω-surface of type one with linear conserved quantity p(t) = p0 + tp1.
Now the polynomial (p(t), p(t)) has degree less than or equal to one and admits non-zero roots
if and only if either
• (p(t), p(t)) is linear with non-zero constant term, in which case f projects to a Guichard
surface in 〈p(0)〉⊥, by Theorem 6.24, or
• (p(t), p(t)) is the zero polynomial, in which case f projects to an L-isothermic surface in
the Laguerre geometry defined by p(0), by Theorem 6.29.
Now suppose that m is a root of p(m) and let fˆ be the corresponding complementary surface.
Now by Theorem 6.4, p1 ∈ Γf and thus
f + fˆ = f ⊕ 〈p(0)〉.
Conversely, suppose that fˆ is a Darboux transform of f with parameter m such that there
exists a constant vector q ∈ Γ(f + fˆ). Let σˆ ∈ Γfˆ be a parallel section of d+mηm. Now
σˆ = λ q + σ
for some non-zero smooth function λ and σ ∈ Γf . Thus,
0 = (d+mηm)σˆ = dλ q + dσ +mληmq.
Since q never belongs to f and q belongs to f + fˆ , we have that q never belongs to f⊥. Thus,
dλ = 0 and dσ +mληmq = 0.
Therefore, d+ tηm admits a linear conserved quantity p defined by
p(t) = mλq + tσ.
Furthermore, using that σˆ is lightlike, we have that
(p(t), p(t)) = mλ(mλ|q|2 + 2t(σ, q)) = mλ2(m− t)|q|2.
Therefore, p admits non-zero roots and fˆ is complementary surface of f with respect to p.
If (p(0), p(0)) is non-zero then
f ∩ 〈p(0)〉⊥ = f ∩ fˆ = fˆ ∩ 〈p(0)〉⊥.
Hence, f and fˆ project to the same Guichard surface in the conformal geometry 〈p(0)〉⊥. If
(p(0), p(0)) = 0 then, by Corollary 6.20, p(0) lies nowhere in f and we must have that p(0) ∈ Γfˆ .
Thus, fˆ is totally umbilic.
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We have thus arrived at the following theorem:
Theorem 6.34. Suppose that fˆ is a Darboux transform of f . Then there exists a constant
vector q ∈ Γ(f + fˆ) if and only if f is a type one special Ω-surface that admits fˆ as a com-
plementary surface. Furthermore, if q is lightlike then f projects to an L-isothermic surface in
the Laguerre geometry defined by q and fˆ is totally umbilic. Otherwise, f and fˆ project to the
same Guichard surface in the conformal geometry 〈q〉⊥.
Remark 6.35. Theorem 6.34 gives us a characterisation of L-isothermic surfaces and Guichard
surfaces amongst Ω-surfaces in terms of their Darboux transforms.
6.4 Type two special Ω-surfaces
In [33] Darboux introduced the classical notion of special isothermic surfaces in R3 and this
was generalised to arbitrary three dimensional space forms in [1]. This notion was given a
conformally invariant treatment in [18, 64] where it was shown that special isothermic surfaces
in certain three dimensional space forms are those isothermic surfaces admitting a second order
conserved quantity.
In [39] Eisenhart defines special Ω-surfaces and in the spirit of [18, 64] we shall show that
these coincide with type two special Ω-surfaces.
Let p ∈ R4,2 be a point sphere complex. Suppose that fˆ is an umbilic-free Darboux trans-
formation of f with parameter m and assume that s0 = f ∩ fˆ lies nowhere in 〈p〉⊥. Let
Λ := f ∩ 〈p〉⊥ and Λˆ := fˆ ∩ 〈p〉⊥
and assume that these never become curvature spheres of f and fˆ , respectively. Then in
accordance with [18, 64], we define the Ribaucour sphere congruence of Λ and Λˆ as the bundle
of (3, 1)-planes given by
VR := Λ
(1) ⊕ Λˆ = Λˆ(1) ⊕ Λ.
Now V ⊥R = s0 ⊕ 〈p〉 and we define the cyclic system of Λ and Λˆ to be
C := Λ⊕ Λˆ⊕ (V ⊥R ∩ 〈p〉⊥).
Furthermore, given a space form vector q ∈ 〈p〉⊥ that never belongs to C, we define the circle
plane family of Λ and Λˆ with respect to q to be
P := C ⊕ 〈q〉.
Now since V ⊥R = s0 ⊕ 〈p〉, we have that
W := P ⊕⊥ 〈p〉 = (f + fˆ)⊕ 〈q〉 ⊕ 〈p〉.
We will refer to W as the circle plane family of f and fˆ with respect to q and p.
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Eisenhart [39] defines a special Ω-surface to be an Ω-surface that admits two Darboux
transforms with distinct parameters such that the circle planes of the transforms coincide.
Therefore suppose that f admits two umbilic-free Darboux transforms fˆ1 and fˆ2 with respective
distinct parameters m1 and m2 such that that their respective circle planes P1 and P2 with
respect to a space form vector q ∈ 〈p〉⊥ coincide. This is equivalent to
W1 := P1 ⊕⊥ 〈p〉 = P2 ⊕⊥ 〈p〉 =:W2.
We shall make the further assumption that
W2 ∩ f1 = f =W2 ∩ f2,
where f1 and f2 denote the derived bundles of f along the curvature subbundles T1 and T2,
respectively. Now suppose that σˆi ∈ Γfˆi is a parallel section of d+miηm for i ∈ {1, 2}. Then
by the assumption that W1 =W2 we have that
σˆ1 = σ + ασˆ2 + βq + γp,
for some σ ∈ Γf and smooth functions α, β and γ. Then the condition that σˆ1 is a parallel
section of d+m1η
m is equivalent to
0 = dσ + dα σˆ2 + (m1 −m2)ηmσˆ2 + dβ q +m1βηmq + dγ p +m1γηmp.
Therefore, for any X ∈ ΓTΣ,
−dXσ − (m1 −m2)ηm(X)σˆ2 −m1ηm(X)(βq + γp) = dXα σˆ2 + dXβ q + dXγ p. (6.11)
Suppose that X ∈ ΓTi. Then by Lemma 3.34, ηm(X) ∈ Γ(f∧fi) and the left hand side of (6.11)
takes values in fi, whilst the right hand side takes values in W2. Thus,
dXα σˆ2 + dXβ q + dXγ p ∈ Γ(W2 ∩ fi) = Γf,
by our assumption that W2 ∩ fi = f . Now, since q never takes values in (f + fˆ2)⊕〈p〉, we have
that dXβ = 0. Furthermore, by our assumption that f ∩ fˆ2 lies nowhere in 〈p〉⊥, we have that
p lies nowhere in f + fˆ2 and thus dXα = dXγ = 0. As our curvature direction X was arbitrary,
we have that
dα = dβ = dγ = 0.









m2m1(m1 −m2) (m2q(m1)−m1q(m2)− (m2 −m1)q(0))
=
1




Thus, ηq2 = 0 and
(d+ tηm)q(t)
is a quadratic polynomial with three zeroes, namely, 0, m1 and m2. Thus, it is the zero
polynomial and q is a conserved quantity of the middle connection.
Now if q2 = 0 then q is a linear conserved quantity of d + tη
m. Then by Proposition 6.4,
q1 ∈ Γf . Thus,
σˆ1 − q(0) = 1
m1
q(m1)− q(0) ∈ Γf.
This would imply that β q + γ p ∈ Γ(f + fˆ1). Since σˆ1 6∈ Γ〈σˆ2〉, we have that β and γ are not
both zero. This would then contradict that
W1 = (f + fˆ1)⊕ 〈q〉 ⊕ 〈p〉.
Hence, q is a degree two conserved quantity of d+ tηm and f is a special Ω-surface of type two.
We have thus proved:
Theorem 6.36. Suppose that f projects to a special Ω-surface (in the sense of Eisenhart [39])
in a space form defined by q and p. Then f is a special Ω-surface of type two whose degree two
polynomial conserved quantity q satisfies q(0) ∈ 〈q, p〉.
Conversely, suppose that f is a special Ω-surface of type two with degree two conserved
quantity
q(t) = q0 + tq1 + t
2q2.
Then (q(t), q(t)) is a polynomial with degree less than or equal to three. Suppose that m is a
non-zero root of (q(t), q(t)) and let
fˆ := s0 ⊕ 〈q(m)〉,
where s0 := f ∩ 〈q(m)〉⊥, be the corresponding complementary surface. By Proposition 6.4,
q2 ∈ Γf . Thus,
q(m) = q0 +mq1 +m
2q2 ∈ Γ(f + 〈q0, q1〉).
Thus,
f + fˆ + 〈q0〉 = f + 〈q0, q1〉. (6.12)
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Now the right hand side of (6.12) does not depend upon m. Therefore, if fˆ1 and fˆ2 are
complementary surfaces of f with respect to q then
f + fˆ1 + 〈q0〉 = f + fˆ2 + 〈q0〉.
Therefore if we assume that q0 never belongs to f + fˆ1 or f + fˆ2 then for any space form vector
q and point sphere complex p such that q0 ∈ 〈q, p〉 and
(f + fˆi) ∩ 〈q, p〉 = ∅
for i ∈ {1, 2}, we have that
(f + fˆ1)⊕ 〈q, p〉 = f ⊕ 〈q, p, q1〉 = (f + fˆ2)⊕ 〈q, p〉.
We have thus arrived at the following theorem:
Theorem 6.37. Suppose that f is a special Ω-surface of type two with degree two conserved
quantity q. Then for any complementary surfaces fˆ1 and fˆ2 such that q0 never belongs to
f + fˆ1 or f + fˆ2 we have that the circle plane families of fˆ1 and fˆ2 coincide in any space form
determined by space form vector q and point sphere complex p such that q0 ∈ 〈q, p〉.
6.4.1 Special isothermic and Guichard surfaces
Suppose that f is an Ω-surface whose middle connection admits a quadratic conserved quantity
q and a linear conserved quantity p such that the polynomial (p(t), p(t)) is a non-zero constant
(or, is linear with non-zero constant term) and q := q(0) and p := p(0) are linearly independent.
Thus, f projects to an isothermic (respectively, Guichard surface) in the conformal geometry
of 〈p〉⊥. We may now define a third order conserved quantity r as follows:
r(t) := (p(t), p(t))q(t)− (q(t), p(t))p(t).
Then
(r(t), p(t)) = (p(t), p(t))(q(t), p(t))− (p(t), q(t))(p(t), p(t)) = 0. (6.13)
Now suppose that m is a non-zero root of (r(t), r(t)) and define s0 := f ∩ 〈r(m)〉⊥. Then
fˆ := s0⊕ 〈r(m)〉 is a Darboux transform of f with parameter m. Now sˆ := 〈r(m)〉 is a parallel
subbundle of d + mηm and by (6.13), (r(m), p(m)) = 0. Thus, fˆ is the Legendre lift of a
Darboux transform (respectively, Eisenhart transformation) of Λ := f ∩〈p〉⊥, by Theorem 6.23
(respectively, Theorem 6.28). Furthermore, if
〈q, p〉 ∩ (f + fˆ) = ∅,
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then
(f + fˆ)⊕ 〈q, p〉 = f ⊕ 〈r(m), q, p〉 = f ⊕ 〈q1, q, p〉. (6.14)
Notice that the right hand side of (6.14) does not depend upon m. Therefore, let fˆ1 and fˆ2 be
complementary surfaces of f with respect to r such that
〈q, p〉 ∩ (f + fˆi) = ∅
for i ∈ {1, 2}. Then fˆ1 and fˆ2 are Legendre lifts of Darboux transforms (respectively, Eisenhart
transformations) in 〈p〉⊥ such that
(f + fˆ1)⊕ 〈q, p〉 = (f + fˆ2)⊕ 〈q, p〉.
That is their circle planes families coincide in the space form Q3 determined by space form
vector q and point sphere complex p. This implies that the projection of f into Q3 is a special
isothermic (respectively, special Guichard) surface according to [33] (respectively, [37]).
Conversely, suppose that f projects to an isothermic surface (Guichard surface) Λ := f∩〈p〉⊥
in the conformal geometry 〈p〉⊥. Then by Theorem 6.21 (respectively, Theorem 6.24), f is an
Ω-surface whose middle connection admits a linear conserved quantity p with constant term
p(0) = p. Now suppose that fˆ1 and fˆ2 project to Darboux transforms (respectively, Eisenhart
transformations) of Λ in 〈p〉⊥ with distinct parameters m1 and m2, respectively. Then, by
Theorem 6.23 (respectively, Theorem 6.28), for i ∈ {1, 2}, the parallel subbundles sˆi ≤ fˆi of
d + miη
m satisfy p(mi) ∈ Γsˆ⊥i (respectively, p(−mi) ∈ Γsˆ⊥i ). If we further assume that for
some space form vector q ∈ 〈p〉⊥ that
(f + fˆ1)⊕ 〈q, p〉 = (f + fˆ2)⊕ 〈q, p〉,
then by Theorem 6.36, f is a special Ω-surface of type two admitting a degree two polynomial
conserved quantity q such that q(0) ∈ 〈q, p〉. We therefore have the following theorem:
Theorem 6.38. Special isothermic (Guichard) surfaces in space forms are those Ω-surfaces




Let f : Σ→ Q3 be the space form projection of a Legendre map f : Σ→ Z into the (Riemannian
or Lorentzian) space form Q3 with constant sectional curvature κ. Let χ be +1 in the case that
Q3 is a Riemannian space form and −1 in the case that it is Lorentzian. Recall the following
definition:
Definition 7.1. Where f immerses we say that it is a linear Weingarten surface if
aK + 2bH + c = 0 (7.1)
for some a, b, c ∈ R, not all zero, where K = κ1κ2 is the extrinsic Gauss curvature of f and
H = 12 (κ1 + κ2) is the mean curvature of f.
A special case of linear Weingarten surfaces is given by flat fronts:
Definition 7.2. A surface f : Σ→ Q3 is a flat front if, where it immerses, the intrinsic Gauss
curvature Kint := χK + κ vanishes.
In [14] it was shown that flat fronts in hyperbolic space are those Ω-surface whose isothermic
sphere congruences each envelop a fixed sphere. In [15] it was shown that linear Weingarten
surfaces in space forms corresponded to Lie applicable surfaces whose isothermic sphere con-
gruences take values in certain linear sphere complexes. This theory was discretised in [16]. In
this chapter we shall review this theory in terms of linear conserved quantities of the middle
connection.
7.1 Parallel transformation
Recall from Section 2.4 how we break symmetry from Lie sphere geometry to space form
geometry. Let q, p ∈ R4,2 be a space form vector and point sphere complex for a space form
Q3 := {y ∈ L : (y, q) = −1, (y, p) = 0}.
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Now assume that |p|2 = ±1. Then χ = −|p|2. and κ = −|q|2.
Let f : Σ → Z be a Legendre map and assume that f projects into Q3. Let f : Σ → Q3

















Remark 7.3. When q ∈ L, we define shq,p(φ) to be its continuous extension shq,p(φ) = φ.
A parallel transformation of the plane 〈q, p〉 is of the form
(qφ, pφ) = (q, p)
(
chq,p(φ) shq,p(φ)




Q3φ := {y ∈ L : (y, qφ) = −1, (y, pφ) = 0}.
Then the projection, fφ, of f into Q
3
φ can be identified with a parallel surface of f. Now f is
immersed at a point p ∈ Σ if and only if it doesn’t coincide with a curvature sphere of f at p.
Proposition 7.4. Suppose that f is immersed at p ∈ Σ. The parallel surface fφ corresponding




where κi, i ∈ {1, 2}, denote the principal curvatures of f.
Proof. The parallel surface fφ is immersed at p if and only if it is not a curvature sphere at p.
Now, for i ∈ {1, 2}, t + κif are lifts of the curvature spheres. Thus, fφ is a curvature sphere at
p if and only if at p
0 = (t + κif, pφ)
= (t + κif, shq,p(φ) q + chq,p(φ) p)
= −chq,p(φ)− κishq,p(φ),
for some i ∈ {1, 2}.
Remark 7.5. Using Proposition 7.4, one can deduce the result of [59] that parallel surfaces
fail to immerse at at most two values of φ.
For i ∈ {1, 2}, let σi = t + κif be a lift of the curvature sphere si. Then, where a parallel
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q,p(φ))H − 2 |q|
2
|p|2 thq,p(φ)
th2q,p(φ)K + 2thq,p(φ)H + 1
Kφ =




th2q,p(φ)K + 2thq,p(φ)H + 1
.
Recalling that χ = −|p|2 and κ = −|q|2, one can deduce the following theorem:













is invariant under parallel transformation. If χKφ + κ = 0 then Kφ is invariant under parallel
transformation.
7.2 Linear Weingarten surfaces
Similarly to [16], we have an alternative characterisation of the linear Weingarten condition:
Proposition 7.7. f is a linear Weingarten surface satisfying (7.1) if and only if
[W ](s1, s2) = [W (s1, s2)] = 0,
where [W ] ∈ P(S2R4,2) is defined by
W := a q q + 2b q p + c p p,
and s1, s2 ≤ f are the curvature spheres of f .
Proof. Since W is a tensor, we may use the lifts
σ1 = t + κ1f and σ2 = t + κ2f
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of the curvature spheres. Then,
q q(σ1, σ2) = 1
2
((σ1, q)(σ2, q) + (σ2, q)(σ1, q))
= κ1κ2
= K,
q p(σ1, σ2) = 1
2






p p(σ1, σ2) = 1
2
((σ1, p)(σ2, p) + (σ2, p)(σ1, p))
= 1.
Therefore,
W (σ1, σ2) = aK + 2bH + c.
Hence, aK + 2bH + c = 0 if and only if W (σ1, σ2) = 0.
Now suppose that (qφ, pφ) are given by a parallel transformation of 〈q, p〉 as in (7.2). Then
we may write W in terms of qφ and pφ:
W = ch2q,p(φ)(aφ qφ  qφ + 2bφ qφ  pφ + cφ pφ  pφ),
where
aφ := a− 2b thq,p(φ) + c th2q,p(φ),
bφ := a
|q|2











|p|2 thq,p(φ) + c.
Since the condition W (s1, s2) = 0 doesn’t depend upon space form projection, using Proposi-
tion 7.7 we obtain the following proposition:
Proposition 7.8. Where it immerses, the parallel surface fφ is a linear Weingarten surface
satisfying
aφKφ + 2bφHφ + cφ = 0.
Remark 7.9. If we assume that |p|2 = −1, i.e., Q3 is a Riemannian space form, then Propo-
sition 7.8 recovers a result proved in [50, Chapter 2].
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7.3 Linear Weingarten surfaces in Lie geometry
We shall now recover the results of [15] regarding the Lie applicability of umbilic-free linear
Weingarten surfaces.
Theorem 7.10. f is an umbilic-free linear Weingarten surface satisfying (7.1) if and only if f
is a Lie applicable surface with middle connection
ηm = c f ∧ df− b (f ∧ dt + t ∧ df) + a t ∧ dt.
Furthermore, tubular linear Weingarten surfaces give rise to Ω0-surfaces and non-tubular linear
Weingarten surfaces give rise to Ω-surfaces whose isothermic sphere congruences are real in
the case that b2 − ac > 0 and complex conjugate in the case that b2 − ac < 0.
Proof. Let
η := c f ∧ df− b (f ∧ dt + t ∧ df) + a t ∧ dt.
Then
dη = c dfuprise df− b (dfuprise dt + dtuprise df) + a dtuprise dt
= (aK + 2bH + c) dfuprise df.
Thus η is closed if and only if f is a linear Weingarten surface satisfying (7.1). Furthermore,
one can check that
η = 1κ1−κ2 ((aκ1 + b)(t + κ2f) ∧ d(t + κ2f)− (aκ2 + b)(t + κ1f) ∧ d(t + κ1f))modΩ1(∧2f).
Since t + κ1f ∈ Γs1 and t + κ2f ∈ Γs2, we have that the Ω1(S1 ∧ S2) part of η lies in Ω1(∧2f).
Thus η is the middle connection ηm.
Now the quadratic differential induced by ηm is given by
q = −c(df, df) + 2b(df, dt)− a(dt, dt)
= (−c− 2bκ1 − aκ21)(d1f, d1f) + (−c− 2bκ2 − aκ22)(d2f, d2f),
using Rodrigues’ equations, dit + κidif = 0. Since c = −b(κ1 + κ2)− aκ1κ2, we have that
q = (κ1 − κ2)(−(aκ1 + b)(d1f, d1f) + (aκ2 + b)(d2f, d2f)).
Since f is an umbilic-free immersion, i.e., κ1 6= κ2, q is non-zero. Moreover,
−(aκ1 + b)(aκ2 + b) = −a2K − 2abH − b2 = −(b2 − ac).
Therefore, q is degenerate if and only if b2 − ac = 0 if and only if f is tubular. Furthermore, if
b2 − ac > 0 then q is indefinite and the isothermic sphere congruences of f are real, whereas if
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b2 − ac < 0 then q is positive definite and the isothermic sphere congruences of f are complex
conjugate.
Corollary 7.11. f is a linear Weingarten surface satisfying (7.1) if and only if
p(t) := p + t(−bf + at) and q(t) := q + t(cf− bt)
are conserved quantities of the middle connection d+ tηm.
Proof. Suppose that f is a linear Weingarten surface satisfying (7.1). Then it follows immedi-
ately from Theorem 7.10 that
ηmp = b df− a dt and ηmq = −c df + b dt.
Thus,
d(−b f + a t) + ηmp = 0 = d(c f− b t) + ηmq.
Hence, p and q are conserved quantities of d+ tηm.
Conversely, suppose that p and q are conserved quantities of d+ tηm. Thus
ηmp = b df− a dt and ηmq = −c df + b dt.
Then one can deduce that the middle connection has the form
ηm = c f ∧ df− b (f ∧ dt + t ∧ df) + a t ∧ dt.
Hence, by Theorem 7.10, f is a linear Weingarten surface satisfying (7.1).
Clearly, real linear combinations of polynomial conserved quantities are polynomial con-
served quantities. However, the degree of the polynomials may not be preserved. For example,
one can check that there exists a constant conserved quantity within the span of the conserved
quantities p and q of Corollary 7.11 if and only if f is a tubular linear Weingarten surface, i.e.,
b2 − ac = 0. Therefore, in the non-tubular case, any linear combination of p and q yields a
linear conserved quantity of d + tηm. In light of this we will consider two dimensional vector
spaces of linear conserved quantities for Ω-surfaces:
7.3.1 Non-tubular linear Weingarten surfaces
Suppose that f is an Ω-surface and suppose that P is a two dimensional vector space of linear
conserved quantities of d + tηm. By P (t) we shall denote the subbundle of R4,2 formed by
evaluating P at t.
Lemma 7.12. For each t ∈ R, P (t) is a rank two subbundle of R4,2.
Proof. Let p, q ∈ P . Then by Lemma 6.19,
p(t) = exp(t σ+  σ−)p0 and q(t) = exp(t σ+  σ−)q0,
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for some q0, p0 ∈ R4,2. Then p(t) and q(t) are linearly dependent sections of P (t) for some t ∈ R
if and only if p0 and q0 are linearly dependent if and only if p and q are linearly dependent.
We may equip P with a pencil of metrics {gt}t∈R∪{∞} defined for each t ∈ R and α, β ∈ P
by






Thus, if we write α(t) = α0 + tα1 and β(t) = β0 + tβ1 then
g∞(α, β) = (α0, β1) + (β0, α1),
Then, for general t ∈ R, we have that
gt = g0 + t g∞.
We shall now consider the three dimensional vector space S2P formed by the abstract
symmetric product on P . For each t ∈ R we can identify elements of S2P with symmetric
endomorphisms on R4,2 via the map
φt : S
2P → S2P (t), α β 7→ α(t) β(t).
Furthermore, we have an isomorphism from S2P to the space of symmetric tensors on P with
respect to g∞, denoted S2∞P defined by
φ∞ : S2P → S2∞P, α β 7→ (α β)∞,
where for γ, δ ∈ P ,
(α β)∞(γ, δ) := 12 (g∞(α, γ)g∞(β, δ) + g∞(α, δ)g∞(β, γ)).
Using Corollary 7.11, we obtain the following theorem:
Theorem 7.13. Suppose that f is a non-tubular linear Weingarten surface satisfying (7.1).
Then f is an Ω-surface whose middle connection admits a two dimensional space of linear
conserved quantities P such that g0 6= 0 and g∞ is non-degenerate. Furthermore, the linear
Weingarten condition [W ] is given by [φ0 ◦ φ−1∞ (g∞)].
Proof. By Theorem 7.10, f is an Ω-surface and by Corollary 7.11, P := 〈p, q〉 is a two dimen-
sional space of linear conserved quantities for d+ tηm, where
p(t) := p + t(−bf + at) and q(t) := q + t(cf− bt).
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Since p is a point sphere complex, i.e., |p|2 6= 0, we have that g0 6= 0. We also have that
∆ := g∞(p, p)g∞(q, q)− g∞(q, p)2 = −4(b2 − ac).
Therefore g∞ is non-degenerate and
φ−1∞ g∞ = ∆




∞ g∞) = ∆
−1(g∞(p, p)q(0) q(0)− 2 g∞(p, q)q(0) p(0) + g∞(q, q)p(0) p(0))
= ∆−1(−2a q q− 4b q p− 2c p p)
= −2∆−1(a q q + 2b q p + c p p).
Hence, [W ] = [φ0(φ
−1
∞ g∞)].
Remark 7.14. It follows from the proof of Theorem 7.13 that if b2 − ac > 0 then g∞ is
indefinite and if b2 − ac < 0 then g∞ is definite. Then it follows by Theorem 7.10 that the
isothermic sphere congruences are real when g∞ is indefinite and complex conjugate when g∞
is definite.
We now seek a converse to Theorem 7.13, but first we will use the following technical lemma:
Lemma 7.15. Suppose that q, p ∈ P (0) are a space form vector and point sphere complex for
a space form Q3. Then f defines a point sphere map f : Σ→ Q3 with tangent plane congruence
t : Σ→ P3 if and only if g∞ is non-degenerate.
Proof. Let p, q ∈ P such that
p(t) = exp(t σ+  σ−)p and q(t) = exp(t σ+  σ−)q.
Then
g∞(p, p) = 2(σ+, p)(σ−, p),
g∞(q, q) = 2(σ+, q)(σ−, q), and
g∞(p, q) = (σ+, p)(σ−, q) + (σ+, q)(σ−, p).
One can then deduce that
g∞(p, p)g∞(q, q)− g∞(p, q)2 = −((σ+, p)(σ−, q)− (σ+, q)(σ−, p))2
= −((σ+ ∧ σ−)p, q)2.
By Corollary 6.20, f lies nowhere in 〈q〉⊥ or 〈p〉⊥. It then follows by Lemma 2.27 that f defines
a point sphere map f and tangent plane congruence t if and only if g∞ is non-degenerate.
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We are now in a position to state the following theorem:
Theorem 7.16. Suppose that f is an umbilic-free Ω-surface whose middle connection admits
a two dimensional space of linear conserved quantities P , such that g0 6= 0 and g∞ is non-
degenerate. Then f projects to a non-tubular linear Weingarten surface with
[W ] = [φ0 ◦ φ−1∞ (g∞)],
where it immerses, in any space form determined by space form vector and point sphere complex
q, p ∈ P (0).
Proof. Since g0 6= 0 we may choose a space form vector q and point sphere complex p for a
space form Q3 from P (0). By Lemma 7.15, since g∞ is non-degenerate, f projects to a point
sphere map f : Σ→ Q3 with tangent plane congruence t : Σ→ P3.
Now we may choose p, q ∈ P such that p(0) = p and q(0) = q. By Corollary 6.7, for certain
Christoffel dual lifts σ±, (σ±, q) and (σ±, p) are constant and
p(t) = p + t(σ+  σ−)p and q(t) = q + t(σ+  σ−)q.
Therefore, there exists constants (possibly complex) λ± and µ± such that
σ± = λ±f + µ±t
and
p(t) = p + t(− 12 (µ+λ− + µ−λ+)f− µ+µ−t) and
q(t) = q + t(−λ+λ−f− 12 (µ+λ− + µ−λ+)t).
Then, by Corollary 7.11, where it immerses, f is a linear Weingarten surface satisfying (7.1)
with
a := −µ+µ−, b := 1
2
(µ+λ− + µ−λ+) and c := −λ+λ−.
On the other hand
a = − 12 (p, p)∞, b := 12 (p, q)∞ and c := − 12 (q, q)∞.
Thus,
W = a q q + 2b q p + c p p
= − 12 ((p, p)∞q(0) q(0)− 2(p, q)∞q(0) p(0) + (q, q)∞p(0) p(0))
= −∆2 (φ0(φ−1∞ g∞)),
where ∆ := (p, p)∞(q, q)∞ − (p, q)2∞. Furthermore, b2 − ac = ∆. Hence, f is non-tubular.
If g∞ is non-degenerate on P then g∞ induces two null directions on P . In the case that g∞ is
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indefinite these are real directions and in the case that g∞ is definite they are complex conjugate.
Let q± be two linearly independent vectors in P ⊗C and define q± := q±(0) ∈ R4,2 ⊗C. Then
q±(t) = exp(t σ+  σ−)q±.
Thus
(q±, q±)∞ = 2(σ±, q±)(σ∓, q±)
and
(q+, q−)∞ = (σ+, q+)(σ−, q−) + (σ+, q−)(σ−, q+).
Therefore, q± are null with respect to ( , )∞ if and only if we have (after possibly switching
q±) that (σ±, q±) = 0, i.e., the isothermic sphere congruences s± take values in 〈q±〉⊥. Now
by applying Theorem 7.13 and Theorem 7.16 we obtain the main result of [15]:
Theorem 7.17. Non-tubular linear Weingarten surfaces in space forms are those Ω-surfaces
whose isothermic sphere congruences each take values in a linear sphere complex.
Furthermore, by scaling q± appropriately we have that g∞ = (q+  q−)∞. Therefore, we
have that
[W ] = [q+  q−],
which was shown in [16] for the discrete case.
7.3.2 Tubular linear Weingarten surfaces
In [15], the following theorem is proved:
Theorem 7.18. Tubular linear Weingarten surfaces in space forms are those Ω0-surfaces whose
isothermic curvature sphere congruence takes values in a linear sphere complex.
We shall recover this result in terms of our setup. Suppose that f is a tubular linear
Weingarten surface satisfying (7.1), i.e., b2−ac = 0. Then by Theorem 7.10, f is an Ω0-surface
and by Corollary 7.11 the middle connection d+ tηm of f admits conserved quantities
p(t) := p + t(−bf + at) and q(t) := q + t(cf− bt).
Then
q0 := c p(t) + b q(t) = c p + b q + t(ac− b2)t = c p + b q
is a non-zero constant conserved quantity of d + tηm. This implies that ηmq0 = 0. Without
loss of generality, assume that the middle connection has the form
ηm = σ1 ∧ ?dσ1.
Then
0 = ηmq0 = (σ1, q0) ? dσ1 − (?dσ1, q0)σ1.
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Since f is umbilic-free we have that d2σ1 does not take values in f and thus (σ1, q0) = 0, i.e.,
s1 ≤ 〈q0〉⊥.
Conversely, suppose that f is an umbilic-free Legendre map such that s1 ≤ 〈q0〉⊥. Let
q˜0 ∈ R4,2 such that the plane 〈q0, q˜0〉 is not totally degenerate. Then let [W ] ∈ P(S2R4,2) be
defined by
W = q0  q0.
Then since s1 ≤ 〈q0〉⊥ we have that
[W ](s1, s2) = 0.
Hence, by Proposition 7.7, away from points where f ⊥ 〈q0〉, f projects to a linear Weingarten
surface, where it immerses, in any space form determined by space form vector and point sphere
complex chosen from 〈q0, q˜0〉. Furthermore, since the discriminant of W vanishes, such linear
Weingarten surfaces are tubular.
Remark 7.19. Since we assumed that f is umbilic-free, we have that f 6⊥ 〈q0〉 on a dense open
subset of Σ, by Lemma 2.23.
Remark 7.20. Notice in the converse argument to Theorem 7.18 that we did not have to
assume that f was an Ω0-surface. We can thus deduce that if one of the curvature sphere con-
gruences of a Legendre map takes values in a linear sphere complex then it must be isothermic.
7.4 Transformations of linear Weingarten surfaces
Using the identification of non-tubular linear Weingarten surfaces as certain Ω surfaces, we will
apply the transformations of Chapter 5 to obtain new linear Weingarten surfaces.
Let f be an Ω-surface whose middle connection d + tηm admits a two dimensional space
of linear conserved quantities P such that the g0 6= 0 and g∞ is non-degenerate. Then, by
Theorem 7.16, f projects to linear Weingarten surfaces with linear Weingarten condition
[W ] = [φ0 ◦ φ−1∞ (g∞)],
in any space form determined by space form vector and point sphere complex chosen from P (0).
7.4.1 Calapso transformations
In [15], the Calapso transformation for Ω-surfaces was used to obtain a Lawson correspondence
for linear Weingarten surfaces. This was further investigated in [16] in the discrete setting. We
shall recover this analysis in terms of linear conserved quantities of the middle connection.
Let t ∈ R and consider the Calapso transform f t = T (t)f of f . For each p ∈ P we have
by Proposition 6.14 that pt defined by pt(s) = T (t)p(t + s) is a linear conserved quantity of
the middle connection of f t. Therefore, the middle connection of f t admits a two dimensional
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space of linear conserved quantities P t defined by the isomorphism
Ψ : P → P t, p 7→ pt.
As with P , we may equip P t with a pencil of metrics {gts}s∈R∪{∞}. Then for each s ∈ R and
αt, βt ∈ P ,
gts(α
t, βt) = (T (t)α(t+ s), T (t)β(t+ s)) = (α(t+ s), β(t+ s)) = gt+s(α, β),
by the orthogonality of T (t). Thus, Ψ is an isometry from (P, gt+s) to (P
t, gts). It is then clear
that Ψ is an isometry from (P, g∞) to (P t, gt∞). Therefore, g
t
∞ is non-degenerate, and g
t
0 6= 0
if and only if gt 6= 0.
Proposition 7.21. There exists t ∈ R× such that gt = 0 if and only if f projects to a flat front
in any space form determined by P (0).
Proof. Since
gt = g0 + tg∞,
for each t ∈ R×, we have that gt = 0 if and only if g0 = −tg∞. Now let q, p ∈ P be an
orthogonal basis with respect to g∞. Then [W ] is given by
W = φ0 ◦ φ−1∞ (g∞) =
1
g∞(q, q)
q(0) q(0) + 1
g∞(p, p)
p(0) p(0).
Thus, if g0 = −tg∞ then q(0) and p(0) are orthogonal and define a space form vector and point
sphere complex for a space form with sectional curvature κ = −g0(q, q) and assuming that p is
normalised such that g0(p, p) = ±1, χ = −g0(p, p). Furthermore, by Proposition 7.7, f projects
to a surface f with constant extrinsic Gauss curvature






in this space form, i.e., f is a flat front.
Conversely, suppose f projects to a flat front f in a space form defined by space form vector
q and point sphere complex p, i.e., f satisfies
χK + κ = 0.
Since κ = −|q|2 and χ = −|p|2, by Corollary 7.11 we have that
p(t) = p + t |p|2t and q(t) = q + t |q|2f
are linear conserved quantities of the middle connection. Moreover,
g 1
2
(p, p) = g 1
2
(q, p) = g 1
2





Now consider the maps
φts : S
2P t → S2P t(s), αt  βt 7→ αt(s) βt(s).
Then, by extending the action of Ψ to S2P and T (t) to S2R4,2 in the standard way, one has
that
φts = T (t) ◦ φt+s ◦Ψ−1.
Furthermore, if we define φt∞ : S
2P t → S2∞P t analogously to φ∞, then as gt∞ is isometric to
g∞ via Ψ, we have that
(φt∞)
−1gt∞ = Ψ ◦ φ−1∞ g∞.
Applying Theorem 7.16, we have proved the following theorem:
Theorem 7.22. Suppose that gt 6= 0. Then f t projects to a linear Weingarten surface with
linear Weingarten condition
[W t] = [T (t)φt(φ
−1
∞ g∞)],
in any space form determined by space form vector and point sphere complex chosen from
P t(0) = T (t)P (t).
In a similar way to [14], we have the following result regarding Calapso transforms of flat
fronts:
Corollary 7.23. Suppose that f projects to a flat front and let t ∈ R such that gt 6= 0. Then
f t projects to a flat front in any space form determined by space form vector and point sphere
complex chosen from P t(0) = T (t)P (t).
Proof. Recall that for any s ∈ R, gts is isometric to gt+s via Ψ. Now by Proposition 7.21, there
exists t0 ∈ R× such that gt0 = 0. Therefore, gtt0−t = 0 and it follows by Proposition 7.21 that
f t projects to a flat front in P t(0).
7.4.2 Darboux transformations
Suppose that fˆ is an umbilic-free Darboux transform of f with parameter m. Let sˆ ≤ fˆ be
the parallel subbundle of d + mηm and let s ≤ f be the parallel subbundle of d + tηˆm. By
Proposition 6.16, if p is a linear conserved quantity of d + tηm and p(m) ∈ Γsˆ⊥, then pˆ is a
linear conserved quantity of d+ tηˆm where
pˆ(t) = Γsˆs(1− t/m)p(t).
Furthermore, pˆ(0) = p(0) and (pˆ(t), pˆ(t)) = (p(t), p(t)). Now, if we assume that P (m) ≤ sˆ⊥,
then Pˆ is a two dimensional space of linear conserved quantities for the middle connection of
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fˆ , where we define Pˆ via the isomorphism
Υ : P → Pˆ , p 7→ pˆ.
For each t ∈ R we shall let Υt denote the induced isomorphism between the subbundles P (t)
to Pˆ (t). Then Pˆ (0) = P (0) and Υ0 = idP (0). Furthermore, if we let {gˆt}t∈R∪{∞} denote the
pencil of metrics on Pˆ , then, as (pˆ(t), pˆ(t)) = (p(t), p(t)), we have that (P, gt) is isometric to
(Pˆ , gˆt) via Υ for all t ∈ R∪{∞}. In particular, we have that gˆ0 6= 0 and gˆ∞ is non-degenerate.
Therefore, by Theorem 7.16, fˆ projects to linear Weingarten surfaces in any space form defined
by space form vector and point sphere complex chosen from Pˆ (0) = P (0).
As for f , define φˆt : S
2Pˆ → S2Pˆ (t) and φˆ∞ : S2Pˆ → S2∞Pˆ accordingly. Then for each
t ∈ R,
φˆt = Υt ◦ φt ◦Υ−1
and φˆ0 = φ0. Furthermore,
φˆ−1∞ (gˆ∞) = φ
−1
∞ (g∞).
Then the linear Weingarten condition for fˆ is given by
[Wˆ ] = [φˆ0 ◦ φˆ−1∞ (gˆ∞)] = [φ0 ◦ φ−1∞ (g∞)].
Therefore, we have proved the following theorem:
Theorem 7.24. fˆ is a linear Weingarten surface with the same linear Weingarten condition
as f in any space form determined by space form vector and point sphere complex chosen from
P (0).
Remark 7.25. For each m ∈ R×, there exists a two-parameter family of Darboux transforms
such that P (m) ≤ s⊥. Therefore, given a linear Weingarten surface we may obtain a three





The final chapter of this thesis is taken from a paper [46] written in collaboration with S. Fu-
jimori and S. Gaber. Credit is also due to W. Rossman who provided extensive assistance and
inspiration in the paper’s creation.
With the recent interest in finding Weierstrass-type representations for surfaces other than
minimal surfaces in Euclidean 3-space, the case of (spacelike) constant mean curvature (CMC)
1 surfaces in de-Sitter 3-space S2,1 has been undergoing investigation. (Throughout this chap-
ter, we treat only spacelike surfaces with singularities.) Having more methods available for
producing surfaces of this type is useful, and is the goal of this chapter.
In the recent work by Fujimori, Rossman, Umehara, Yamada and Yang [47], the method by
Rossman, Umehara and Yamada in [62] was adapted to the case of maximal surfaces (surfaces
with vanishing mean curvature) in Minkowski 3-space R2,1 and their cousin CMC 1 surfaces
in de Sitter 3-space, for the purpose of producing some specific examples of surfaces with
particular geometric properties of interest. Here we reformulate that result in [47] to apply to
other surfaces as well, using a non-degeneracy condition like that used in [62], see Theorem 8.4.
Although in Euclidean 3-space R3 every direction is geometrically the same, this is not the
case in R2,1. For this reason, when we formulate the non-degeneracy condition in Section 3, we
use only two timelike planes in general position, rather than the three planes in general position
that were used in [62].
In section 4 we give new examples of genus 1 maxfaces (maximal surfaces with certain
admissible singularities, see for example [72]) in R2,1 with two or three ends and apply Theorem
8.4 to produce corresponding genus 1 CMC 1 faces (CMC 1 surfaces with certain admissible
singularities, see [45]) in S2,1. With the final two examples, we are able to provide an answer
to Problem 2 raised in [47]. In fact, one of those two examples has all ends embedded.
Remark 8.1. In [15, Section 4] it was shown that linear Weingarten surfaces that possess a
Weierstrass-type representation (for example, maximal surfaces in R2,1 and CMC 1 surfaces
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in S2,1) are L-isothermic surfaces (in an appropriate space form). Theorem 6.34 characterises
L-isothermic surfaces as those surfaces that admit a totally umbilic Darboux transform. The
author believes that this characterisation will unify all Weierstrass-type representations and
yield a geometric interpretation for these representations.
8.1 CMC surfaces in de Sitter 3-space
Let R3,1 be Minkowski 4-space with the metric of signature (−,+,+,+). We define de Sitter
space of constant sectional curvature 1 by
S2,1 = {(t, x, y, z) ∈ R3,1 | − t2 + x2 + y2 + z2 = 1} .
We will use the following standard 2× 2-matrix model of S2,1 (see for example [FRUYY]):








In this model the metric on S2,1 is determined by
〈Y, Y 〉 = −det(Y ),
for Y ∈ TpS2,1.
Let Σ be a Riemann surface. For c ∈ R×, let Fc : Σ→ SL(2,C) be a solution of






where G : Σ→ C is a holomorphic function and ω ∈ Ω1(Σ) is a holomorphic 1-form independent





is a CMC 1 surface in S2,1.
Remark 8.2. We have that ω = QdG , where cQ is the Hopf differential of fc.
8.2 The method of Rossman, Umehara and Yamada in
de-Sitter 3-space
Let D be a simply-connected region in Σ with local coordinate z, bounded by a finite number of






(−2G, 1 +G2, i− iG2)ω
in R2,1 (with metric of signature (−,+,+)) bounded by planar geodesic curvature lines lying
in either of two given timelike planes P1 and P2, and suppose that P1 and P2 are not parallel
to each other. We allow that these geodesics might be defined only in the interiors of the
corresponding smooth arcs in ∂D, creating the possibility of ends of f0 at the endpoints of
the smooth arcs. The Hopf differential Q = ωdG is real when restricted to ∂D. Suppose that
repeated inclusion of reflected copies of f0 across P1 and P2 (and their images under reflections)
extends f0 to a (possibly branched) maxface fˆ0 of finite topology and no boundary.
Label the smooth boundary arcs of D as S1,1, S1,2, ..., S1,k1 , S2,1, S2,2, ..., S2,k2 , where
each Si,j has image under f0 in the plane Pi, for i = 1, 2. For technical reasons (in the proof
of Theorem 8.4), we also make the following further assumption: at least one endpoint of one
smooth arc of ∂D is mapped by f0 to a finite point in ∂f0 ⊂ R2,1, i.e., is not an end of f0.
Let f0(λ) be a smooth family of maxfaces in R2,1 depending on a parameter λ, where λ is
contained in an open subset N of Rk1+k2−2 such that f0(λ0) = f0 for some λ0 ∈ N . Thus,
for each λ, f0(λ) is determined by Weierstrass data G(λ), ω(λ) and domain D(λ) depending
smoothly on λ. Assume that for each λ, we can identify the boundary arcs Si,j(λ) of D(λ) with
Si,j and that f0(λ)|Si,j(λ) is a planar geodesic in a plane Pi,j(λ) parallel to Pi.
Let
di,j = the oriented distance between Pi,j(λ) and Pi,1(λ) .
Thus di,j changes sign when Pi,j(λ) crosses from one side of Pi,1(λ) to the other, and is zero if
and only if Pi,j(λ) = Pi,1(λ).
Definition 8.3. f0(λ) is said to be non-degenerate with respect to the parameter λ if the period
map
Per : N → (d1,2, ..., d1,k1 , d2,2, ..., d2,k2)
is an open map at λ0, i.e., there exists an open neighbourhood of λ0, V ⊂ N , such that Per(V )
is an open neighbourhood of the origin in Rk1+k2−2.
We are now in a position to state the main theoretical tool of this chapter. Note that CMC-1
faces are defined in [45].
Theorem 8.4. If f0(λ) is a non-degenerate maxface, then there exists a corresponding 1-
parameter family of CMC-1 faces fc, c ∈ (−, ) \ {0}, in S2,1 with no boundary and with the
same topology and corresponding reflection symmetries as f0.
The following argument was constructed by W. Rossman:
Sketch proof of Theorem 8.4: The proof of Theorem 8.4 is essentially the same as part of the
proof of Theorem B in [47], and is the SU(1, 1) analogue of the proof using SU(2) of Theorem
5.10 in [62]. In fact some of the technicalities of that proof are not needed here because Theorem
B dealt with a degenerate period problem, which differs from our case. As noted before the
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Hopf differential cQ satisfies a reality condition which amounts to Q ◦ µij = Q, where µi,j
denotes reflection of the surface f0(λ) across Si,j(λ). Furthermore, as in Lemma 4.9 in [47],
G ◦ µij = σj ? G, where σj are particular 2× 2 matrices and where




for a ∈ SL(2,C) (where ast denote the components of a) and h a holomorphic function. In fact,
without loss of generality, σ1 is the identity matrix and σ2 is a unitary diagonal matrix. We
then have that the solution Fc of Equation (8.1) satisfies
Fc ◦ µi,j = σiFcρ−1i,j ,
where ρi,j is independent of z, but can depend on c and λ, and also on the initial condition
used to determine the solution Fc.
We wish to transform the ρi,j so that they lie in SU(1, 1), because this is the condition that
causes the surface fc to have the same topology as fˆ0. We do this as follows: we change Fc to
Fˆc = Fcb for some b ∈ SL(2,R), independent of z (but allowed to depend on c and λ). Then
the matrices ρi,j change to b−1ρi,jb. We adjust b and λ until b−1ρi,jb ∈ SU(1, 1) for all i, j, for
any c sufficiently close to 0, by using the non-degeneracy condition and Lemma 4.4 in [47], and
arguments regarding the λ dependence of the ρi,j like in [62]. This produces a one parameter
family of CMC-1 surfaces Fˆce3Fˆ
∗
c in S2,1 with the same topology as f0 for c sufficiently close
to 0, completing the proof of Theorem 8.4.
Remark 8.5. The method in Proposition 5.4 of [72] shows the existence of a Chen-Gackstatter
type maxface in R2,1, as a companion surface to the Chen-Gackstatter surface in R3. However,
our result here will not apply to this and other companion surfaces in R2,1, because that method
involves changing the G in the Weierstrass data to iG, and while the Hopf differential is real
along boundary curves in the case of R3, it becomes pure imaginary in R2,1. Thus our result
cannot be applied.
8.3 Application: Genus-s examples with two or three ends
We now seek examples of maximal surfaces in R2,1 to which we can apply Theorem 8.4. For
any positive odd number s, define a Riemann surface
Mˆ := {(z, w) ∈ (C ∪ {∞})2 |ws+1 = (z − λ1)(z2 − 1)s}, (8.2)
of genus s with Weierstrass data
G = λ2z
jwk and ω = zlwmdz, (8.3)
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(−2G, 1 +G2, i− iG2)ω
on the universal cover of M := Mˆ\{p1, ..., pr} in R2,1 with metric
ds2 = (1−GG¯)2ωω¯,
where ds2 blows up at the points pj , for j ∈ {1, ..., r}. Consider the sheets of {(z, w) ∈ Mˆ |Imz ≥
0}. Let D be the sheet of {(z, w) ∈ Mˆ |Imz ≥ 0} such that w((1,∞)) ⊂ R+. Label the boundary
curves of D as
S1,1 := {(z, w(z)) ∈ D| z ∈ [1,∞]},
S1,2 := {(z, w(z)) ∈ D| z ∈ [−1, λ1]},
S2,1 := {(z, w(z)) ∈ D| z ∈ [λ1, 1]},
S2,2 := {(z, w(z)) ∈ D| z ∈ [−∞,−1]}.
To obtain surfaces possessing the reflectional symmetry that Theorem 8.4 requires, we use the
following lemma:
Lemma 8.6. The images of the boundary arcs of D are planar geodesics if and only if k +m
is an integer multiple of s+ 1.
Proof. The result follows by checking when the Hopf differential Q = dGω is real valued along
the boundary of D.
From now on we will assume that k +m is an integer multiple of s+ 1.
Lemma 8.7. When λ1 = 0 we have that d2,2 = ±d1,2.
Proof. Define two curves in M by
τ1, τ2 : [0, pi]→M, τ1(ν) = (eiν + 12 , w(eiν + 12 )), in D, and
τ2(ν) = (−eiν − 12 , (−1)
s
s+1w(eiν + 12 )).







d2,2 = − sin θRe
∫
τ2













(ieiθ(−1) mss+1+l+1ω − ie−iθ(−1) (2k+m)ss+1 +l+1G2ω)
= (−1) (k+m)ss+1 +l+1d1,2 ,
since k +m is an integer multiple of s+ 1.
In light of Lemma 8.7, we set λ1 = 0 and our goal is to find a value of λ2 so that d1,2 = 0,
i.e., so that our surface is well-defined on M and thus has finite topology. Viewing d1,2 as a












are real and non-zero, where
τ : [0, pi]→ Σ, ν 7→ (eiν + 12 , w(eiν + 12 )),
then the maximal surfaces determined by (8.2) and (8.3) with λ = λ±0 := (0, λ
±
2 ) are well-defined
on M .
Therefore let us assume that λ0 := (0, λ
0
2) determines a maximal surface that is well defined
on M . We want the surface to be a maxface, i.e., we want to allow the surface to admit
singularities but have no branch points and to have complete ends. Away from points of
M where z is not a local coordinate, i.e., when z ∈ {0, 1,−1,∞}, we have that df is non-
zero, and thus, the surface is not branched. Furthermore, the surface is a maxface away from
z ∈ {0, 1,−1,∞}, which follows from Fact 1.1 in [47], considered on local simply connected
open subsets of M .
To ensure that the surface does not have branch points when z ∈ {0, 1,−1,∞}, we will
require that the metric
ds2 = (1−GG¯)2ωω¯ = (1− λ22|zjwk|2)2|zlwm|2|dz|2
is either non-singular or blows up at these points:
At z = 0, assuming that j(s+ 1) + k 6= 0, the metric is non-singular or blows up if and only
if
l(s+ 1) +m+ s ≤ 0 when j(s+ 1) + k > 0 ,
(2j + l + 1)(s+ 1) + 2k +m− 1 ≤ 0 when j(s+ 1) + k < 0.
Equality on the left hand side in either case means that f has a finite point at z = 0. Otherwise,
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f admits a complete end at z = 0.
At z = ±1, assuming k 6= 0, the metric is non-singular or blows up if and only if
m+ 1 ≤ 0 when k > 0 ,
2k +m+ 1 ≤ 0 when k < 0.
If we have equality on the left hand side in either case then f has finite points at z = ±1.
Otherwise, z = ±1 are both complete ends of the surface.
At z = ∞, assuming (2k + j)s + j + k 6= 0, the metric is non-singular or blows up if and
only if
(l + 2m+ 1)s+ l +m+ 2 ≥ 0 when (2k + j)s+ j + k < 0 ,
(4k + 2j + l + 2m+ 1)s+ 2j + 2k + l +m+ 2 ≥ 0 when (2k + j)s+ j + k > 0.
If we have equality on the left hand side in either case then f has a finite point at z = ∞.
Otherwise, f has a complete end at z =∞.
So far we have shown how to construct maxfaces in R2,1 with finite topology equal to that of
M . We would now like to use Theorem 8.4 to obtain CMC 1 faces in S2,1 from these examples.
To do this we create a period problem by viewing λ = (λ1, λ2) in (8.2) and (8.3) as a parameter
in the domain (−1, 1)×R. Then to check that the period problem is non-degenerate, it suffices
to check that the map
(λ1, λ2) 7→ (d1,2, d2,2)
































Thus, the non-degeneracy condition reduces to both ∂∂λ1 d1,2|λ=λ0 and ∂∂λ2 d1,2|λ=λ0 being non-
zero. This is the case in all the examples we are about to consider.
Remark 8.9. If introducing parameters λj, like above, in a certain way does not yield a
non-degenerate period problem for a particular example, then there may be other ways that
parameters can be introduced into the data so that a non-degenerate period problem is obtained.
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Figure 8-1: Genus 1 example with j = −1, k = 1, l = 0, m = −1, see [47].
8.3.1 Two-ended examples
If we consider the case where
j = −1, k = 1, l = 0, m = −1,
then we obtain the genus s surfaces with two complete ends in R2,1 given in [47]. (z, w) = (0, 0)
and (z, w) = (∞,∞) correspond to the ends. When s = 1, these ends are embedded. Figure
8-1 shows the genus 1 case. In [47], a period problem that is not non-degenerate is considered
for these surfaces. However, if we introduce parameters (λ1, λ2) as above, the period problem
becomes non-degenerate and we can apply Theorem 8.4.
We also give two new examples of genus s maxfaces with two complete ends in R2,1 which
when parameters are introduced as above have non-degenerate period problems, see Figures
8-2 and 8-3.
8.3.2 Three-ended example
Problem 2 in [47] asked whether there are maxfaces of positive genus in R2,1 and S2,1 with more
than two complete ends. We give an affirmative answer to this question by taking s = 1 and
j = 2, k = −1, l = 0, m = −1.
This determines a genus 1 maxface with three complete embedded ends in R2,1, see Figure 8-4,
and by introducing parameters as above we have a non-degenerate period problem and can
thus obtain a corresponding one-parameter family of surfaces in S2,1.
We also give another example of genus s = 1 maxface with three complete ends in R2,1
which when parameters are introduced as above has a non-degenerate period problems, see
Figure 8-5.
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Figure 8-2: Genus 1 example with two complete ends with j = 0, k = 1, l = −1, m = −1.
(z, w) = (0, 0) corresponds to an embedded end, and (z, w) = (∞,∞) corresponds to a non-
embedded end.
Figure 8-3: Genus 1 example with two complete ends with j = 0, k = 1, l = −2, m = −1.
(z, w) = (0, 0) and (z, w) = (∞,∞) correspond to the ends. When s = 1, the end corresponding
to (z, w) = (∞,∞) is embedded.
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Figure 8-4: Two different views of the genus 1 example with three complete embedded ends
with j = 2, k = −1, l = 0, m = −1. (z, w) = (∞,∞) corresponds to the end on the top of the
figure, and (z, w) = (±1, 0) correspond to the ends on the bottom of the figure.
Figure 8-5: Genus 1 example with three complete ends with j = 3, k = −1, l = 0, m =
−1. (z, w) = (±1, 0) correspond to embedded ends and (z, w) = (∞,∞) corresponds to non-
embedded ends.
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Remark 8.10. In this chapter we have only given examples of maxfaces of odd genus, but using
the framework of Section 4, we believe it should be possible to construct examples of maxfaces




In conclusion we shall present some open questions and further work that arises from this thesis.
• In Chapter 3 we give results regarding deformations of maps into submanifolds of pro-
jective space. We then proceed to apply these results to projective, conformal and Lie
geometry. These are all examples of R-spaces. Since R-spaces can be represented as
submanifolds of projective space using the highest weight representation, we can apply
our result in this more general setting. It would be interesting to see how the properties
of R-spaces, e.g. their height, affects the deformability of maps into these spaces.
• Remark 4.1 states that it is possible for a Legendre map to be Lie-applicable in multiple
ways. The case for which they can be applicable in 3-parameters worth of ways has been
studied in [43, 56]. It would be interesting to see how this multi-applicability can be
characterised, especially in the 2-parameter case.
• In Section 4.3 we treat the associate surfaces related to an Ω-surface. There is some
mystery surrounding the nature of the associate Gauss map that we defined. Further-
more, since one of the invariants of Laguerre geometry is parallel planes it seems that
this is the appropriate setting for studying these surfaces. Another question that arises
from this section is whether anything interesting can be said of quadruples of O-surfaces



















• In [33], Darboux seeks a characterisation of pairs of surfaces that are Ribaucour trans-
forms of each other and induce the same conformal structure. It turns out that pairs of
isothermic surfaces that are Darboux transforms of each other are the only non-trivial
pairings with this property. For a modern account of this see [50, Chapter 3]. It would
be interesting to see if one can develop a similar problem for which pairs of Ω-surfaces
that are Darboux transforms of each other are the only non-trivial solutions.
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• In [15, Section 4] it is shown that linear Weingarten surfaces that admit a Weierstrass-type
representation are L-isothermic. Theorem 6.34 gives a characterisation of L-isothermic
surfaces as those Ω-surfaces that admit a totally umbilic Darboux transform. This sug-
gests that Weierstrass-type representations can be described in terms of this Darboux
transform. This would unify all the Weierstrass-type representations and give a geomet-
ric interpretation for these representations. Furthermore, one can ask whether general
L-isothermic surfaces have such a representation.
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